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Abstract

We establish a novel relation between the cluster categories associated with marked sur-
faces and the topological Fukaya categories of the surfaces. The Higgs category is a 2-
Calabi—Yau extriangulated/exact co-category, generalizing the triangulated cluster category
of the surface. We prove that the Higgs category is equivalent to the 1-periodic topological
Fukaya category of the marked surface, as well as to the consingularity category of the rela-
tive Ginzburg algebra of the triangulated surface. The proof relies on the theory of perverse
sheaves of categories on marked surfaces.

We furthermore give a general construction of 2-Calabi—Yau Frobenius extriangulated
structures on stable co-categories equipped with a relative right 2-Calabi—Yau structure that
may be of independent interest. When applied to the Higgs category of a surface, this yields
a new construction of its extriangulated structure.

Mathematics Subject Classification: 18N25 (Primary), 13F60, 18G80, 18N60, 53D37
(Secondary)
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1 Introduction

Cluster algebras are a class of commutative algebras equipped with generators exhibiting a
remarkable combinatorial structure introduced by Fomin-Zelevinski [FZ02]. These genera-
tors are referred to as clusters and can be subjected to an operation called mutation, which
produces other clusters. It was soon observed that cluster algebras admit a rich theory
of categorification and this has lead to many fruitful interactions with the representation
theory of algebras. A particular class of (additive) categorifications of cluster algebras are
formed by so called cluster categories, which are triangulated 2-Calabi-Yau categories. Clus-
ter categories of acyclic quivers were introduced in [BMRT06] as certain orbit categories. A
generalization to arbitrary quivers with potential was achieved by Amiot [Ami09]. Starting
with a quiver with potential (Q, W), we can consider the perfect derived category of the
3-Calabi-Yau Ginzburg dg-algebra ¢(Q,W). Amiot’s generalized cluster category assigned
to 4(Q, W) is then defined as the cosingularity category

DP((Q, W))/DIF(Q, W),

meaning the Verdier quotient of the perfect derived category by the finite derived category.
The generalized cluster category is triangulated 2-Calabi-Yau and admits cluster tilting
objects [Ami09].

Recently, generalizations of Ginzburg algebras have emerged [Wu23, Chr22a], called rel-
ative Ginzburg algebras, associated with ice quivers with potentials. An interesting class
of relative Ginzburg algebras, studied by the author in [Chr22a, Chr21], arises from marked
surfaces equipped with an ideal triangulation. In this paper, we suppose that the marked
surfaces has no marked points in the interior, i.e. no punctures. We denote by %5 the relative
Ginzburg algebra associated with a marked surface S equipped with an ideal triangulation
T. The main result of this article can be stated as follows:

Theorem 1 (Theorem 8.4, Theorem 4.8). Let S be a marked surface with an ideal
triangulation T. The following three co-categories are equivalent:

(1) The Higgs category H of [Wu23] associated with the relative Ginzburg algebra Y.
(2) The cosingularity category DPt(4y) /D™ (G) of the relative Ginzburg algebra Y.

(8) The topological Fukaya category of S valued in the 1-periodic perfect derived cate-
gory DPE(K[tE]), denoted C.

The equivalence between (1) and (3) furthermore extends to an equivalence of associated
exact co-structures.




We give a few comments on Theorem 1:

o The Higgs category, introduced by Yilin Wu in [Wu23|, is a relative version of the
cluster category of [Ami09] and can be associated with the relative Ginzburg algebra of
an ice quiver with potential. Instead of being triangulated, it is a Frobenius extriangu-
lated category, in the sense of [NP19]. It is furthermore extriangulated 2-Calabi—Yau
and admits cluster tilting objects. It can be used to categorify cluster algebras with
coefficients, where the coefficients correspond to the frozen vertices of the ice quiver.
The Higgs category admits a canonical enhancement to an exact oco-category which
Theorem 1 refers to.

e The topological Fukaya category of an oriented marked surface with coefficients in a
2-periodic dg category was constructed in [DK18]. Theorem 1 refers to the stable co-
categorical avatar of this topological Fukaya category. As coefficients, we consider the
perfect derived category of 1-periodic chain complexes over a base field k. Theorem 1
is shown under the assumption that k is algebraically closed and char(k) # 2.

o Higgs categories associated with ice quivers typically do not admit a triangulated struc-
ture. A surprising consequence of Theorem 1 is that the Higgs categories of surfaces
admit such triangulated structures. We emphasize that this triangulated structure is
distinct from its extriangulated structure. We also give an alternative description of
the extriangulated structure in terms of the topological Fukaya category, see below.

As shown in [Wu23], the stable category of the Frobenius extriangulated Higgs category
of an ice quiver recovers the generalized cluster category of the non-frozen part of the quiver.
As a consequence of Theorem 1, we thus relate the 1-periodic topological Fukaya category
with the usual triangulated cluster category of the surface CE' associated with the quiver

with potential of the surface of [LF09]:

Corollary 1. The stable category écs of the Frobenius exact co-category C§ is an enhance-
ment of the triangulated cluster category CE' associated with S. Stated differently, there
exists an equivalence of triangulated categories ho C§ ~ Cg'.

Corollary 1 establishes a precise and novel link between cluster categories of surfaces and
topological Fukaya categories, and thus by extension with the derived categories of gentle
algebras, see also Proposition 4.16 and [Chr25b, Prop. 4.11].

An application of Corollary 1 is the following: the 1-periodic topological Fukaya category
Cs admits an action of the mapping class group of the surface by [DK18], see also Theo-
rem 4.15. This mapping class group action localizes to an action on the triangulated cluster

category C&', see Proposition 8.9. Such an action has not been previously constructed.

Cosingularity categories and quotient perverse schobers

The proof of the equivalence of (2) and (3) in Theorem 1 relies on the theory of perverse
schobers parametrized by ribbon graphs of [Chr22a]. The existence of a notion of perverse
schobers was proposed by Kapranov—Schechtman [KS14]. A perverse schober refers loosely
speaking to a perverse sheaf of enhanced triangulated categories. The parametrized per-
verse schobers considered in this paper amount to certain constructible sheaves of stable
oo-categories, defined on a spanning graph of the marked surface.

As shown in [Chr22a], the derived co-category D (%) of the relative Ginzburg algebra %y
arises as the global sections of such a parametrized perverse schober, denoted Fy. We show
that the passage to the (Ind-completed) cosingularity category D(%y)/Ind D" (%) lifts to
the level of perverse schobers:

Theorem 2 (Theorem 4.8, Proposition 4.13). The stable co-categories Cg and Ind D (%)
arise as the global sections of two perverse schobers F$t and FE. These fit into a fiber
and cofiber sequence of perverse schobers:
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The notion of a fiber and cofiber sequence of parametrized perverse schobers is introduced
in Section 3.3.

Parametrized perverse schobers are locally described by spherical adjunctions. For Fq,
there is one such spherical adjunction for each triangle of the ideal triangulation. These
adjunctions are each given by

@ : D(k) +— D(k[t1]) : b« ,

where k[t1] denotes the graded polynomial algebra with generator in degree 1 and ¢ is the

morphism of dg-algebras k[t;] 00 k.
The spherical adjunctions underlying F214 are all given by

D(k) +— Ind DI (K[t,]) (2)

arising from restricting ¢* - ¢.. The perverse schober ff%lSt is consequently described by the
’quotient’ spherical adjunction

0 +— D(kfta])/ Ind D™ (k[t1]) ~ D(K[E))

which is the trivial spherical adjunction with the 1-periodic derived co-category D(k[t{]).
Indeed, topological Fukaya categories arise as the global sections of perverse schobers with
such trivial underlying spherical adjunctions.

The passage to the cosingularity category has a curious interpretation in terms of the
theory of perverse schobers: we will see that the spherical adjunction (2) is the monadic
adjunction associated to the adjunction monad ¢,¢* of the adjunction ¢* - ¢*. We expect
the fiber and cofiber sequence of Theorem 2 to be a special case of a general principle, by
which, under mild assumptions, a perverse schober can be decomposed into perverse schobers
with monadic or trivial spherical adjunctions.

Work of Ivan Smith [Smil5] gives a symplectic interpretation of the finite derived cate-
gory of the (non-relative) Ginzburg algebra associated with a triangulated marked surface:
its homotopy category embeds fully faithfully into the derived Fukaya category of a Calabi—
Yau threefold Y with a Lefschetz fibration m to S. The wrapped Fukaya category of the
regular fiber of 7 is equivalent to DPe™(k[¢;]). From this perspective, the 1-periodic derived
category D(k[tf]) describes the Rabinowitz wrapped Fukaya category of this fiber, which is
by [GGV22] equivalent to Efimov’s (algebraizable) formal punctured neighborhood of infin-
ity [Efi17] of the wrapped Fukaya category of the fiber, see also Proposition 2.12.

Categorical cluster theory

An additive categorification of a cluster algebra consists of a triangulated or extriangu-
lated 2-Calabi-Yau category, equipped with cluster tilting objects. Cluster tilting objects
admit a well behaved theory of mutations, see [[Y08], that categorifies the mutations of clus-
ters in the cluster algebra. For an additive categorification of a cluster algebra one asks that
the cluster tilting objects in € are in bijection with the clusters of the cluster algebra. There
should further be a decategorification map, called a cluster character, which associates ele-
ments of the cluster algebra with objects of the category, and satisfying different properties,
see Definition 7.20 or [Pal08, KW23].

To explain how the 1-periodic topological Fukaya category fits into this picture, we begin
by explaining the origin of its 2-Calabi—Yau extriangulated structure. The topological Fukaya
category C§ comes equipped with a functor

G =[] eve: s — [] D*(k[t5)). (3)

eE‘J’l8 eE‘J'la

which takes a global section and evaluates it at all the external edges of the dual trivalent
graph of T (the set of which is denoted by T). This dual graph is the graph parametrizing
3"%1“. A fiber and cofiber sequence in C§ is declared to be exact if its image under G splits,
and this gives rise to the structure of a Frobenius exact oo-category, see Proposition 5.9.
The homotopy category of C§ thus inherits an extriangulated structure.



The category Cs is smooth and proper as a 2-periodic, meaning k[tQi]—linear, stable oco-
category. Using results on the gluing of relative Calabi—Yau structures and perverse schobers
from [Chr26], we find that the k[ty]-linear functor G' carries a relative right 2-Calabi-Yau
structure. This is a 2-periodic and proper version of the result of [BD19] on relative left
Calabi—Yau structures on topological Fukaya categories. We show in Propositions 5.19
and 5.21 in a more general setup that this implies that the extriangulated structure on
ho C§ is 2-Calabi-Yau.

Next, we turn to the description of the cluster tilting objects in ho C§. We classify the
cluster tilting objects in Cg as follows:

Theorem 3 (Combine [FT18, Theorem 8.6] and Corollary 7.15). There are canonical bijec-
tions between the sets of the following objects.

o Clusters of the cluster algebra with coefficients in the boundary arcs associated with S.
e Ideal triangulations of S.

o Cluster tilting objects in the 2-Calabi-Yau Frobenius extriangulated category ho C§.

To prove Theorem 3, we classify the indecomposable objects of Cg in terms of curves in
the surface S and describe their exact extensions in terms of crossing. For this, we use the
results of [Chr21], which associates global sections of F5 with so-called matching curves in
the surface. We prove that every object in C§ arises this way:

Theorem 4 (The geometrization Theorem 6.13). Every object X € C§ of the 1-periodic
topological Fukaya category splits uniquely into a finite direct sum of indecomposable objects
associated with matching curves.

A similar classification result for the objects in the generalized cluster categories of non-
relative Ginzgburg algebras arising from triangulated surfaces without punctures appears
in [BZ11]. The case with punctures was treated in [AP21,QZ17]. The novelty in the proof of
Theorem 4 is that it bases on co-categorical gluing techniques and in particular the descrip-
tion of objects in limits of diagrams of co-categories in terms of sections of the Grothendieck
construction.

As shown in [Mull6], the commutative Kauffman skein algebra Ské’loC of the surface S
(with parameter ¢ = 1 and invertable boundary arcs) embeds into the upper cluster algebra
of the surface S with coefficients in the boundary arcs, see also Theorem 7.13 for a precise
statement. The skein algebra is generated by links in S, meaning superpositions of curves,
modulo relations such as the Kauffman skein relation, see Definition 7.10. Combining this
fact with Theorem 4, we can describe an explicit cluster character to the upper cluster
algebra:

Theorem 5 (Theorem 7.21). There is a cluster character x: obj(Cg) — Skg with values in
the commutative skein algebra of links in S. The character maps an object corresponding to
a matching curve in S to the matching curve considered as a link with a single component.
Furthermore, composing x with the map from Ské to the upper cluster algebra yields a cluster
character to the upper cluster algebra.

We use Theorem 3 to prove the equivalence of (1) and (2)/(3) in Theorem 1 as follows:
there is a canonical exact functor H — DP (%) /DI®(F5) to the consingularity category,
which we show to map an initial cluster tilting object to a cluster tilting object. Using that
cluster tilting objects are particularly strong generators, this allows under mild conditions
to deduce that the functor is an equivalence of categories, see Lemma 8.6.

Finally, we illustrate our results in the simple case of S being the 4-gon.



Example 1. Let S be the 4-gon, depicted as follows, with an ideal triangulation (in blue).

(4)

The corresponding dual ribbon graph has two vertices and can be depicted as follows:

At each vertex, the spherical adjunction underlying F$¢ is 0 <> D(k[t5]), where D (k[tf]) ~
D(k)/[1] is the unbounded 1-periodic derived category and equivalent to the co-categorical
orbit category, see [Chr25b].

This underlying spherical adjunction determines the value of 3'“%1“ at each of the two
vertices: the stalks are equivalent to Fun(A!, D(k[t{])) ~ D(kAs)/[1], where kAy is the
path algebra of the As-quiver, see the local model for perverse schobers recalled in (7).

Passing to global sections, we glue two Ay quivers to an As-quiver, and obtain that the
(Ind-complete) 1-periodic topological Fukaya category is given by D(kAs)/[1]. Note that
the path algebra kAj is the gentle algebra associated with a 4-gon on the sense of [OPS18].
The Higgs oco-category is thus by Theorem 1 equivalent to DPe™(kA3)/[1], and additionally
equipped with a non-trivial exact oco-structure.

Each arc in the 4-gon defines an object of this Higgs category and a cluster tilting object is
given by sum of the objects arising from an ideal triangulation. The (discrete) endomorphism
algebra of the cluster tilting object is called the Jacobian algebra. The Jacobian algebra of
the ideal triangulation (4) is gentle and given by the quotient of the path algebra of the

quiver
1 2!
a 3 a’
2N
2 1

by the ideal (ba, cb, ac,b'a’, ', a’c’). The Jacobian algebras of arbitrary ideal triangulations
are also gentle, see Proposition 7.17.

Notations and conventions

In this paper, we freely employ the language of co-categories, as developed in [Lur09,Lurl7].
We generally follow the notation and conventions of [Lur09,Lurl7]. We use the homological
grading. Given an oo-category C and two objects X,Y € C, we denote by Mape(X,Y) the
mapping space. We further use the following conventions.

¢ We denote the homotopy 1-category of an oo-category € by ho C.
o We denote the right adjoint of a functor F' by radj(F’) and the left adjoint by ladj(F)
(if existent).

o Given a functor F: A — B, we denote by F(A) the essential image of F, meaning the
smallest full subcategory of B which is closed under equivalences in B and contains the
objects in the image of F.



e Matrices can be used to describe morphisms between direct sums of objects in ad-
ditive oco-categories, such as stable oco-categories. For this we use the convention of
multiplication with a matrix from the left.
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2 Preliminaries

2.1 oo-categories of oo-categories

We use the following notation for different co-categories of co-categories. We denote by

e 8 the oo-category of spaces.

o Caty, the co-category of co-categories.

e St the oo-category of stable co-categories and exact functors.

o Prl the oo-category of presentable oo-categories and left adjoint functors.

o Prf the co-category of presentable co-categories and right adjoint functors.

e by f]’rét C Prl and fPrSI?t C Prf the full subcategories consisting of stable co-categories.

We remark that passing to adjoint functors defines an equivalence of co-categories Prl ~
(Pri)ep see [Lur09, 5.5.3.4].

Let € be an oco-category. An object z in an co-category € is called compact if the functor
Mape(z,-): € — 8 preserves filtered colimits. We denote by €¢ C € the full subcategory of
compact objects. If € is small, we denote by Ind(€) the Ind-completion of C. If € is small,
stable and idempotent complete, then € ~ Ind(C)°.

The oo-category Prl admits a symmetric monoidal structure, such that a commutative
algebra object in Pr’ amounts to a symmetric monoidal presentable co-category €, satisfying
that its tensor product - ®-: € x € — € preserves colimits in both entries, see [Lurl7, Section
4.7]. An example of such a commutative algebra object in Pr” is the derived co-category
D(R) of a commutative dg-algebra R.

Definition 2.1. Let R be a commutative dg-algebra. We call the oo-category Modp (g (Prk)
of modules, see [Lurl7, Def. 4.5.1.1], the oo-category of R-linear presentable co-categories
and denote it by LinCatg.

As noted in [Lurl8, Section D.1.5], presentable R-linear co-categories are automatically
stable.

Definition 2.2 ([Lurl7, Def. 4.2.1.28]). Let R be a commutative dg-algebra. Let C be
an R-linear oo-category and let XY € C. A morphism object for X,Y is an R-module
More(X,Y) € D(R) equipped with a map a: More(X,Y) ®g X — Y in € such that for
every object C' € D(R) composition with « induces an equivalence of spaces
Mapqp gy (C, More(X,Y)) — Mape(C ®@r X,Y).
We thus have H; More(X,Y) ~ mg Mape(X|[i], Y).

Remark 2.3. Morphism objects in any presentable R-linear co-category € exist by [Lurl7,
Prop. 4.2.1.33] and the formation of morphism objects forms a functor

More(-,-): CP x € — D(R),
see [Lurl7, Rem. 4.2.1.31].

Given an R-linear stable co-category € and two objects A, B € C, the n-th Ext-group is
defined as
Ext¢ (A, B) .= H_, More(A, B) ~ Ho More (4, Bln]) .



2.2 Semiorthogonal decompositions and Verdier quotients

Given a stable co-category € and a full subcategory A C €, we call A a stable subcategory
of C if A is stable, the inclusion is an exact functor and A is closed under equivalences in C.

Given a fully faithful functor i: A — €, we will later on sometimes abuse notation by
identifying A with the stable subcategory of C given by the essential image of .

Definition 2.4 ([Lurl8, Def. 7.2.0.1]). Let C be a stable oo-category and let A, B C € be
stable subcategories. We say that the pair (A, B) forms a semiorthogonal decomposition of
Cif

o forall @ € A and b € B, the mapping space Mape (b, a) is contractible and

o for all x € €, there exists a fiber and cofiber sequence b — x — a in € with a € A and
b e B.

We will be interested in semiorthogonal decompositions of stable and presentable oo-
categories. A fiber and cofiber square in fPrét, which can be depicted as follows,

A—L ¢

| o]

0—— B

is also called an ezact sequence of stable, presentable co-categories.

Remark 2.5. Given a fiber and cofiber sequencce in (Prét as above, the triangulated homo-
topy category of B is equivalent to the triangulated Verdier quotient of € by A, see [BGT13,
Prop. 5.9]. We thus call B the Verdier quotient of € by A.

The following Lemma shows that the datum of a semiorthogonal decomposition of a
stable, presentable co-category is equivalent to the datum of a fiber and cofiber sequence in
Pri..

Lemma 2.6. Consider a diagram in fPrSLt
ALeS B, (5)

Suppose that i and radj(w) are fully faithful. Then the diagram can be extended to a fiber
and cofiber square if and only if (radj(m)(B),i(A)) forms a semiorthogonal decomposition of
C.

Proof. Suppose that (5) is part of a fiber and cofiber square. We find that for all a« € A
and b € B, the mapping space Mape(t(a),radj(m)(b)) ~ Mapg(mi(a),b) ~ Mapg(0,b) is
contractible. Let ¢ € € and cu.: ¢ — radj(m)(n(c)) be the counit. The map w(cu.) is an
equivalence by the 2/3-property and the fact that radj(rm) is fully faithful. We hence have
m(fib(cu.)) ~ 0. It follows that fib(cu.) € Im(z). There thus exists an object a € A and an
exact sequence a — ¢ — radj(m) ow(c) in €. We have shown that (radj(7)(B),i(A)) forms a
semiorthogonal decomposition of C.

For the converse implication, assume that (radj(m)(B),i(A)) forms a semiorthogonal de-
composition of €. The fiber of 7 is the full subcategory of € spanned by objects ¢ € C, satis-
fying that Mape(c, radj(m)(b)) is contractible for all b € B. Proposition 2.2.4 from [DKSS21]
shows this subcategory agrees with i(A) since (radj(m)(B),(A)) forms a semiorthogonal de-
composition. To show that B is the cofiber of i, we use the equivalence radj: Prf, ~ (Pri)op
and show there exists a fiber sequence in Cat., as follows:

B radj(m e
lJ bmm
0—— A

This is in turn equivalent to the assertion that radj(w) defines an equivalence between B
and the full subcategory of C spanned by objects ¢ € C, satisfying that Mape(i(a),c) is
contractible for all @ € A. Proposition 2.2.4 from [DKSS21] again guarantees this. O



2.3 Monadicity and derived categories of graded Laurent algebras

Let C be an oo-category. A monad M on C is an associative algebra object in the monoidal
oo-category End(€) = Fun(C, €) of endofunctors. In other words, a monad is a functor
M: C — C, together with a unit u: ide — M and a multiplication map M o M — M
equipped with data exhibiting coherent associativity and unitality. A main source of monads
are adjunctions: given an adjunction F': € <> D :G of oo-categories, there is an associated
monad M = GF, see [Lurl7, Section 4.7.3], which we call the adjunction monad. Associated
to a monad M on C is its oo-category LMod/(C) of left modules in € and the free-forget
adjunction
Free: € «+— LMod;(€) :Forget,

whose adjunction monad is equivalent to M, see [Lurl7]. The oco-category LMod/(C) is
also called the Eilenberg-Moore co-category of M. A typical example is given by € = D(k)
the derived oco-category of a field and M = A ®j, - the monad arising from tensoring with a
dg-algebra A. In this case LMod (D(k)) ~ D(A) and associated adjunction is equivalent
to the usual free-forget adjunction D(k) <> D(A).

Given an adjunction F': € <> D :G with monad M = GF, there is an associated functor
D — LMod(€), making the following diagram commute:

D LMody(€)
\ Aet

Definition 2.7. Let G: D — C be a functor between oo-categories.

(1) The functor G is called monadic if it admits a left adjoint F' with adjunction monad
M = GF and the associated functor D — LMod;(€) is an equivalence of co-categories.

(2) The functor G is called comonadic if the opposite functor G°P: D°P — C°P is monadic.

If C,D are presentable co-categories and G preserves (sufficient) colimits, then D —
LMod(€) admits a fully faithful left adjoint, see [Lurl7, Lemma 4.7.3.13]. In this case,
LMod s (€) is presentable and if € and D are furthermore stable, then LMod(€) is also
stable, see [Lurl7, Prop. 4.2.3.4].

To determine whether a functor is monadic, one can use the Lurie-Barr—Beck monadicity
theorem, see [Lurl7, Thm. 4.7.3.5]. Assuming that all involved co-categories are presentable
and that the functor preserves colimits, the theorem reduces to the statement that a right
adjoint G: D — € is monadic if and only if it is conservative, i.e. reflects isomorphisms.
Similarly, in this setting a left adjoint F' which preserves sufficient limits is comonadic if and
only if it is conservative.

We now turn to a specific example of a monadic adjunction. Let k£ be a field and n > 2.
We are interested in the monadic adjunction arising from the spherical adjunction

17 D(k) +— Fun(S™, D(k)) : f«,

where Fun(S™, D(k)) is the co-category of D(k)-valued local systems on the n-sphere S™ and
f* is the pullback along f: S™ — *, see [Chr22b] for a detailed study of this adjunction. In the
case n = 2, this adjunction describes the singularities of the perverse schober F considered
in Section 4.1. Let M = f,f* be the adjunction monad and denote by Fun(S™, D(k))™nd :=
LModp (D(k)) the stable, presentable co-category of left modules over M. We denote the
associated fully faithful functor Fun(S™, D(k))™*¢ — Fun(S™, D(k)) by imna and we will
identify Fun(S™, D(k))™»! with its essential image under 7,p,q.

Lemma 2.8. The object f*(k) is a compact generator of the co-category Fun(S™, D(k))mnd.

Proof. The restriction of f. to Fun(S™, D(k))™"4 is by definition monadic. Its left adjoint
(f*)mnd s obtained from f* by restricting the target. The k-linear functor (f*)™2d is fully



determined by the image of k, which is f*(k). It is thus equivalent to the functor (-) ® f*(k)
(defined using the k-linear structure). The adjunction

(-) ® f*(k) A Morpun(sn, o k))mna (f*(k),-),

and the facts that the right adjoint Morp,,(gn, o (k))mna (f*(k),-) =~ (f.)md is conservative,
because monadic, and that k € D(k) is compact generator, now imply that f*(k) compactly
generates Fun(S™, D(k))mnd. O

As shown in [Chr22a, Prop. 5.5], there exists an equivalence of k-linear co-categories
Fun(S™, D(k)) ~ D(k[tn-1]),

where k[t,_1] denotes the graded polynomial algebra with generator in degree |t,_1| =n—1.

Lemma 2.9. There exist equivalences of k-linear oco-categories
Fun(S™, D(k))™ ~ Ind Fun(S", DP*"f(k)) ~ Ind D (k[t,_1]),

compatible with their inclusions into Fun(S™, D(k)), where D" (k[t,_1]) denotes the derived
oo-category of klt,—1]-modules with finite dimensional homology.

Proof. Under the equivalence Fun(S™, D(k)) ~ D(k[t,,_1]), the forgetful functor D(k[t,_1]) —
D(k) corresponds to the evaluation functor Fun(S™, D(k)) — D(k) at any point x € S™.
This implies that Fun(S™, DPe™(k)) ~ D (k[t,_1]), which yields Ind Fun(S™, DP(k)) ~
Ind D" (k[t,,_1]) by passing to Ind-completions.

We proceed by showing the equivalence Fun(S™, D(k))™d ~ Ind D" (k[t,,_1]). Consider
the trivial k[t,,—1]-module with homology & (corresponding to f*(k) under the equivalence
D (k[t,_1]) =~ Fun(S™, D(k)PT)). Let X € Di®(k[t,_1]). We show by induction on the di-
mension of the homology of X, that X lies in the stable closure (k) C D(k[t,—1]) of k, i.e. the
smallest stable subcategory containing k. The induction beginning is the case X ~ 0 and
thus clear. For the induction step, suppose that m € Z is the maximal degree in which the
homology H. Morp k1) (k[tn—1], X) of X is nontrivial. We find a corresponding non-zero
morphism «a: k[t,_1][m] — X, such that the composite with k[t,,_1][m+n—1] — k[t,_1][m] is
zero. The morphism « thus induces a non-zero morphism o’ : k — X, which is injective on ho-
mology. Taking the fiber of o/ we obtain a module fib(«’), whose homology has one dimension
less. We have by the induction assumption, that fib(a/) € (k). From X ~ cof(fib(a/) — k),
it follows that X also lies in (k). Since any object in (k) also lies in Di(k[t,,_1]), we obtain
(k) = Dfin(k[t,_1]). This co-category is stable and also idempotent-complete, as having
finite dimensional homology is a condition preserved under retracts. Consider the k-linear
endomorphism dg-algebras Endop gy, ,1)(k) ~ Endpan(sn, o) (f*(k)) ~ k @ k[—n]. Since
f*(k) is by Lemma 2.8 a compact generator of Fun(S™, D(k))™4, we have
Fun(S™, D(k))™ ~ D(Endpyn(sn, ok (f* (k) = D(Endp g, 1) (k)), see [Lurl7, 7.1.2.1].
The perfect derived oo-category D™ (Endap k(z, ,1)(k)) (consisting of compact objects) is by
[Lurl7,7.2.4.1, 7.2.4.4] the smallest stable subcategory of Fun (5™, D (k)™ ~ D(Endp ke, ) (k))
containing k& which is closed under retracts and thus equivalent to (k) = D" (k[t,_1]). Tt
follows that

Fun(S™, D(k))™ ~ D(Endp e, ,1)(k)) = Ind DP (Endp xpr, ) (k) = Ind DI (k[t,—1]),
concluding the proof. O

We denote by k[tf_l] the dg-algebra of graded Laurent polynomials with generator in
degree |t,_ 1| = n — 1. Note that if (n — 1) is even, then k[t, 1] and k[tE |] are graded
commutative dg-algebras, whereas if (n — 1) is odd, then k[t,_;] and k[t=_,] are not graded
commutative, because t2_; # 0. By Lemma 2.6, the following Lemma shows that D(k[tZ_,])
arises as the Verdier quotient of D(k[t,_1]) by Ind D" (k[t,,_1]), or by Lemma 2.9 equiva-

lently as the Verdier quotient of Fun(S™, D(k)) by Fun(S™, D(k))™"d.
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Lemma 2.10. Let n > 1. The oo-category D(k[t,—1]) admits a semiorthogonal decomposi-
tion (D(k[tE_]), Ind DO (E[t,_1])).

Proof. For the proof, we show that D(k[tX |]) = Ind D"(k[t, 1])* is the stable sub-
category of D(k[t,_1]) consisting of objects b, such that Morp iy, _,)(a,b) ~ 0 for all
a € Ind D (k[t,_1]). Using that the inclusion Ind Di*(k[t,_1]) C D(k[t,_1]) admits a
right adjoint, the Lemma then follows from [DKSS21, Prop. 2.2.4, Prop. 2.3.2].

The objects of D(k[t,,—1]) can be identified with dg-modules over the dg-algebra k[t,_1].
Using this identification, we observe that D(k[t |]) € D(k[t,_1]) is the full subcategory
consisting of k[t,_1] dg-modules M,, such that t,_1: M; — M;1,_1 is an isomorphism of
k-vector spaces for all i € Z. We have

Morp ke, 1) (kltn—1][i], Me) >~ Mqy; .
Using that k ~ cof (k[t,,—1][n — 1] — k[t,—1]), we thus have
Morp (rft,, 17 (kli], Mo) > cof (tp—1: Meyi — Metizn-1) € D(K).
We thus find that ¢,_1: M; — M;,—1 is an isomorphism for all i € Z if and only if
M, € Ind D (k[t,_1])*. This shows the desired equality
D(k[EE_,]) = Ind DI k[t 1)),

n—1

concluding the proof. O

Lemma 2.11. There exists an equivalence of 1-categories Vect, ~ ho D(k[t5]), where Vecty,
denotes the 1-category of k-vector spaces and ho ZD(k[tf]) denotes the homotopy category of
D(K[t7)).-

Proof. Since any complex of k-vector spaces is quasi-isomorphic to its homology, any 1-
periodic complex with values in k is equivalent to an object in the image of N(Vecty) <

_Qk[tE
D(k) ok, D(K[t]). This functor is thus essentially surjective, and using that

0 Mapa iy (KIEEL KIEE)) = Ho(K[EE]) = k.
one sees that this functor is also fully faithful on the level of homotopy categories. O

In the triangulated homotopy category ho D(k[tF]), distinguished triangles take the form

ker(a) @ coker(a) (0, E[t)®0 2 k[tE)® O, ker(a) @ coker(a)

with ¢ being the kernel map and 7 being the cokernel map and I, J two sets.
Finally, we note an interpretation of the 1-periodic derived category in terms of the formal
punctured neighborhood of infinity of [Efi17].

Proposition 2.12. The category of perfect complexes on the formal punctured neighborhood
of infinity of DPt(k[t1]) is equivalent to the perfect derived category of 1-periodic chain
complexes DP (k[t{]).

Proof of Proposition 2.12. Consider the Verdier localization sequence
DP (kle_o]/e? 5) — DPU(kQ) — DP(k[t1])

where k[e_s]/€?, denotes the graded dual numbers with |e_s| = —2 and kQ denotes the
graded Kronecker quiver, with two vertices 1,2 and arrows a,b: 1 — 2 in degrees |a| = 0, |b] =
1. The k-linear co-category DPe™ (kQ) is smooth and proper. The co-category of perfect com-
plexes on the formal punctured neighborhood of infinity of DPf(k[t;]) is thus given by the
(automatically idempotent complete) singularity category Din(k[e_s]/e25)/DP (k[e_o] /€2 ,).
As shown for instance in the proof of Theorem 4.10 in [Ami09], this singularity category is
equivalent to the the cosingularity category of DPf(k[t;]), which is by Lemma 2.10 given
by
DY (k[t1]) /D" ([t1]) = DX (k[1])

as desired. O
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2.4 Relative Calabi-Yau structures

Let k be a field and k = k or Kk = k[tzim} the dg-algebra of graded Laurent polynomials,
see Section 2.3, for some m € N. In this section, we sketch the definition of a relative right
k-linear Calabi-Yau structure. The notion of relative Calabi—Yau structure was described in
case k = k the setting of dg-categories in [BD19] and generalized to arbitrary R-linear relative
Calabi—Yau structures, with R an E-ring spectrum, on stable oco-categories in [Chr26].

Definition 2.13. Let A be a compactly generated r-linear co-category. A Serre functor on
A is a k-linear endofunctor U: A — A, satisfying that there exists a natural equivalence of
functors

MOI‘A(—l,—Q) ~ MOI‘A(—Q, U(—l))* : A9P x AC — D(I{) .

Here A° denotes the full subcategory of A of compact objects and (-)* = Morp ) (-, k) : D(K)°P —
D(k).

Every compactly generated, proper k-linear co-category A admits a Serre functor U.
This functor is obtained by identifying the bimodule right dual (i.e. the right adjoint) of the
evaluation functor Morp(-,-): AY ® A — D(k) with an endofunctor id}; = U of A. If A is
firthermore smooth, then the evaluation functor also admits a left dual, which we can identify
with a functor id'y. In this case, the functor id' is inverse to id%. We refer to [Chr26] for
background. A weak right n-Calabi-Yau structure on such an oco-category A consists of a
natural equivalence U ~ id4[n]. Such an equivalence arises from a k-linear dual Hochschild
homology class

o: k[n] — HH(A)" ~ Moryy, (a,4)(ida,id}),

where Lin, (A, A) denotes the k-linear co-category of k-linear endofunctors of A. A right
n-Calabi—Yau structure on A consists of a lift of a weak right Calabi—Yau structure o to a
dual cyclic homology class n: x[n] — HH(A)%,.

Consider a k-linear functor G: B — A between compactly generated, proper k-linear
oo-categories that admits a k-linear right adjoint H. The functor G induces a morphism
HH(G)*: HH(A)* — HH(B)* on the dual Hochschild homology and we define HH(B, A)* =
cof(HH(G)*). The relative dual cyclic homology HH(B, A)%, is defined similarly. A relative
Hochschild class o: k[n] — HH(B, A)* gives rise to a diagram

idg ——— HG

|

Hid} G[1 —n] == idj[1 — 7]

where u is the unit of G 4 H and cu a kind of counit, see [BD21, Chr26], together with a
choice of null-homotopy of the composite morphism.

Definition 2.14. A right n-Calabi-Yau structure on the functor G: B — A consists of a
class 1: k[n] — HH(B,A)%:, whose composite with HH(B,A)%, — HH(B,A)* induces a
diagram with horizontal fiber and cofiber sequences

idg HG cof

| | ! ©

fib —— Hid} G[1 — n] —— idx[1 —n]

whose vertical morphisms are equivalences.

Informally, relative right Calabi-Yau structures can be understood as follows. There is
a morphism U[—n] ~ idj[—n] — ids of endofunctors, with U the Serre functor, which is
not an equivalence but whose fiber is equivalent to HG[—1]. Thus, a relative Calabi-Yau
structure is a description of how much the Serre functor differs from a suspension of the
identity, in terms of the adjunction G 4 H.
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3 Perverse schobers on surfaces

3.1 Marked surfaces and ribbon graphs

In this section, we recall standard notions regarding marked surfaces and their spanning
ribbon graphs.

Definition 3.1. A surface is a smooth compact oriented surface S with non-empty boundary
0S and interior S°. Note that this implies that the boundary of S is a disjoint union of circles.

A marked surface consists of a surface S and a finite set M C IS of marked points on
the boundary of S such that each connected component of 9S contains at least one marked
point. We always assume that S is not the monogon or digon.

Definition 3.2. 1. A graph G consists of two finite sets Gg of vertices and H of halfedges
together with an involution 7: H — H and a map o: H — Gy.

2. Let G be a graph. We denote the set of orbits of 7 by G;. The elements of G, are
called the edges of G. An edge is called internal if the orbit contains two elements and
called external if the orbit contains a single element. An internal edge is called a loop
at v € Gy if it consists of two halfedges both being mapped under ¢ to v. The set of
internal edges of G is denoted by G$ and the set of external edges is denoted by G9.

3. A ribbon graph consists of a graph G together with a choice of a cyclic order on the
set H(v) of halfedges incident to v for each v € Gy.

Definition 3.3. Let G be a graph. We denote by Exit(G) the simplicial set given by the
nerve of the 1-category with

e objects given by the set Gg Il G and

e non-identity morphisms of the form v — e with v € G a vertex and e € G; an edge
incident to v. If e is a loop at v, then there are two morphisms v — e.

We call Exit(G) the exit path category of G.
The geometric realization |G| of the graph G is defined as the geometric realization
| Exit(G)| of the simplicial set Exit(G).

Remark 3.4. Let G be a graph and S an oriented surface. An embedding of |G| into S
determines a canonical ribbon graph structure on G by requiring the halfedges at any vertex
to be ordered in the counterclockwise direction.

Definition 3.5. Let S be a marked surface. We call a graph G together with an embedding
i: |G| € S\M a spanning graph for S, if ¢ is a homotopy equivalence and the restriction
i~1(0S\M) — OS\M of i is also a homotopy equivalence. We consider spanning graphs
as endowed with the canonical ribbon graph structure arising from the embedding into the
oriented surface S.

Remark 3.6. Any trivalent spanning graph of a marked surface S arises as the dual graph of
an ideal triangulation of S in the sense of Definition 6.5 and this defines a bijection between
sets of suitable homotopy classes of trivalent spanning graphs and ideal triangulations.

3.2 Perverse schobers on marked surfaces

In this section, we recall the definition of a perverse schober parametrized by a ribbon graph.
The notion of a perverse schober was first proposed by Kapranov—Schechtman in [KS14],
though they only give a definition for perverse schobers on a disc. The notion of a perverse
schober on a ribbon graph spanning a surface was introduced in [Chr22a, Sections 3 and 4].

We first briefly recall the definition of spherical functor or a spherical adjunction. Let
F: A < B :G be an adjunction between stable co-categories with unit u: idy — GF and
counit cu: F'G — idg. Taking the cofiber of the unit u in the stable co-category Fun(A, A) of
endofunctors, we obtain a functor T4 : A — A called the twist functor. Similarly, the cotwist
functor Tz : B — B is defines as the fiber of the counit. The adjunction F - G is called
spherical if both T4 and T are autoequivalences. In this case, we also call the functors
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F and G spherical. The notion of a spherical functor was first proposed for dg categories
in [AL17]. For treatments of spherical adjunctions in the setting of stable co-categories, we
refer to [DKSS21, Chr22b].

We turn to describing the local model of a perverse schober arising from a spherical
functor described in [Chr22a, Section 3.1], based on the relative S,-construction of [Dyc21].
Let G be a ribbon graph and v a vertex of G of valency m. The objects of the under
category Exit(G),, are the vertex v and its incident halfedges. We choose a labeling of these
halfedges by 1,...,m, compatibly with their given cyclic order. Given a spherical functor
F,: V, = N, we define a functor §,(F,): Exit(G)/v — St as follows. Consider the diagram
D: [m — 1] — Seta given by

VAT NN NN (7)

(m—1)-many

Let p: T(D) — A™™! ~ N([m — 1]) be the (covariant) Grothendieck construction of D,
see [Lur09, Def. 3.2.5.2], where it is called the relative nerve. The Grothendieck construction
is an explicit model for the coCartesian fibration classified by the functor D.

e Weset G, (F,)(v) = Funam-1(A™~1,T(D)) to be the stable co-category of sections of p.
We also denote Vi = §,(F,)(v). We note that if V,, ~ 0, then Vi ~ Fun(A™ 2 N),
this should be considered as the co-category of representations of the A,_;-quiver in
N. In general, V3 is a model for the lax limit of the diagram (7) in the (oo, 2)-category
of stable oco-categories.

o Weset §,(F,)(#) =N forall 1,...,m.
o We denote g; == G,(F,)(v —i): Vi — N. We set

01 = €Vim—1

to be the evaluation functor of the sections of p at m —1 € A™™1. For 1 < i < m, we
set 0;+1 = ladj(ladj(p;)). For a detailed description (and thus also a proof of existence)
of these functors, see [Chr22a, Lem. 3.3].

In the case m = 1, we have Exit(G),, ~ A! and the functor ¥,(F,) is simply the
functor F,. One can further show that making a different choice of total order on the
halfedges of v changes the functor G,(F,) only by composition with an autoequivalence,
see [Chr22a, Prop. 3.11].

Definition 3.7 ([Chr22a, Def. 4.14]). Let G be a ribbon graph. A G-parametrized perverse
schober is a functor F: Exit(G) — Prf such that for each vertex v of G there exists a
spherical functor F,,: V, — N, satisfying that the composite of Exit(G),, — Exit(G) with
J is equivalent to G, (F,) in Fun(Exit(G),, St).

Given a vertex v of G, the co-category V, is called the oo-category of vanishing cycles
at v. If V,, 2£ 0, we call v a singularity of F. We call F,, the spherical functor describing or
underlying F at v (this functor is only determined up to equivalence and composition with
autoequivalences).

Assuming that the graph G is connected, a G-parametrized perverse schober assigns to
each edge of G an equivalent co-category N, called the generic stalk of the perverse schober,
or also the co-category of nearby cycles.

Remark 3.8. We restrict in Definition 3.7 to perverse schobers taking values in stable
and presentable oco-categories and colimit preserving functors, but one could also consider
perverse schobers valued in small stable co-categories.

Definition 3.9. Let G be a ribbon graph and F a G-parametrized perverse schober.
(1) The oo-category of global sections H(G,F) € PrL, of F is defined as the limit of 7.

(2) The oo-category of lax sections £(G,F) = Fungy(q) (Exit(G),['(F)) € Pré of T is
defined as the oo-category of sections of the Grothendieck construction p: T'(F) —
Exit(G).
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Remark 3.10. As a model for the limit H(G,F) of a G-parametrized perverse schober
F, we usually consider the full subcategory of the co-category of sections L£(G,F) of the
Grothendieck construction p: I'(F) — Exit(G) of F spanned by coCartesian sections. This
description of the limit is proven in [Lur, Tag 03AB]. A section s: Exit(G) — I'(F) of p is
called coCartesian if s(«a) is a coCartesian edge in the dual sense of [Lur09, 2.4.1.1] for each
1-simplex « in Exit(G).

Let F be a G-parametrized perverse schober. Given an edge e of G, we denote by
eve: H(G,F) — F(e) the evaluation functor, which maps a coCartesian section s of p to its
value s(e) at e. Consider the product of the evaluation functors at the external edges

II eve: (G, 9) = ] F(e)

e€G? eeG?

The functor Heer? ev, preserves all limits and colimits by [Lur09, 5.1.2.3, 4.3.1.10, 4.3.1.16].
By the oco-categorical adjoint functor theorem, Heerf eve thus admits a left adjoint.

Definition 3.11. The functor

0F: ] F(e) — H(G,9)
ecG?Y

is defined as the left adjoint of Heecf eve.

Remark 3.12. In the study of partially wrapped Fukaya categories, particularly Fukaya-
Seidel categories, the functor 0F is often called the Orlov functor or cup functor and
Heec;? ev, is called the cap functor, see for instance [Syl19] for background.

The functor 0F is always spherical:
Theorem 3.13 ([Chr25a, Cor. 4.7]). The adjunction
0F: [ Fle) «—= H(G,F): ] eve
e€G? e€G?

is spherical.

3.3 Fiber and cofiber sequences of perverse schobers

In this section, we introduce a novel notion of a fiber and cofiber sequence of parametrized
perverse schobers. For this, we first give a definition of the oco-category of parametrized
perverse schobers.

Definition 3.14. Let F,G be G-parametrized perverse schobers (which we assumed to
taking values in Prf ). We call a natural transformation n: § — § in Fun(Exit(G),Prk,) a
morphism of perverse schobers if 7 is locally right adjointable, by which we mean that for

every morphism v 2 ein Exit(G) with corresponding diagram

F(v) —— G(v)
?(vi)e)l lg(v}—l)e) (8)
F(e) —— S(e)
the mate

My o radj(F(v — €)) Lnit, radj(G(v = €)) o G(v — €) o n, oradj(F(v — €))
~ radj(G(v = e)) on. 0 F(v = e) oradj(F(v — e))
counit

—— radj(G(v — e)) o ne

is an equivalence.
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Definition 3.15. The co-category of G-parametrized perverse schobers (G) is defined as
the subcategory of Fun(Exit(G), Prf,) consisting of G-parametrized perverse schobers and
morphisms of such in the sense of Definition 3.14.

The adjointability condition on the square (8) may be called vertical right adjointability.
There are three further similar conditions, called horizontal /vertical left /right adjointability.
Such adjointability conditions are also called Beck-Chevalley conditions.

If the functors in (8) admit left adjoints, then

o right horizontal adjointability is equivalent to left vertical adjointability and
o right vertical adjointability is equivalent to left horizontal adjointability.

Furthermore, the next Proposition 3.16 shows that the two right adjointability conditions
are also equivalent.

Proposition 3.16 ([CDW23, Prop. 4.5.6]). Consider a commutative diagram of stable oo-
categories

v ¢, N

re e

v N
where G and G’ are spherical functors. Suppose that Fy and Fx admit right adjoints F
and Fﬁ. Then the square is horizontally right adjointable if and only if it is vertically right
adjointable.

Proof. This follows directly from the proof of [CDW23, Prop. 4.5.6]. O

Definition 3.17. An inclusion of G-parametrized perverse schobers consists of a morphism
of perverse schobers ¢: ¥ — G, such that «(z): F(x) — G(x) is fully faithful for all z €
Exit(G).

Definition 3.18. A fiber and cofiber sequence of G-parametrized perverse schobers consists
of G-parametrized perverse schobers F7, F3, G, together with morphisms of perverse schobers
t: Fy — Gand w: § — Fq, such that the square

L

Jp —— §

| o[

0 —— F

in Fun(Exit(G), Prf,) commutes and is pullback and pushout.

We note that if the square in Definition 3.18 is pullback and pushout, then ¢ is an inclusion
of perverse schobers, and the square is also pullback and pushout in B(G). Since we are
in the presentable setting, this can also be considered a semiorthogonal decomposition of
perverse schobers, see Lemma 2.6. Indeed, it gives rise to semiorthogonal decompositions on
the local and global levels:

Lemma 3.19. Let Ty 5 § 5 F, be a fiber and cofiber sequence of G-parametrized perverse
schobers.

(1) For each x € Exit(G), the oco-category G(x) inherits a semiorthogonal decomposition
(F1(z), Fa(x)).

(2) The oco-category of global sections H(G,SG) inherits a semiorthogonal decomposition
(H(G, F1), H(G, F2)).

Proof. Using that evaluation at x € Exit(G) defines a limit and colimit preserving functor
Fun(Exit(G), Prf,) — Pri,, part (1) follows from Lemma 2.6.
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The functor F» is by assumption the fiber of 7 in Fun(Exit(G),Prf). Since limits
commute with limits, we find that there exists a fiber sequence in fPrSLt

H(G, Fa) & H(G,G) 5 H(G,Fy).

Passing to right adjoints yields a cofiber sequence in PE., showing by Lemma 2.6 that (G, §)
inherits the desired semiorthogonal decomposition (H(G, 1), H(G,F2)). O

Definition 3.20. Let F be a G-parametrized perverse schober. Recall that given a vertex
v of G, ¥ is described near v by a spherical functor F': V,, — N, where V, is called the
oo-category of vanishing cycles and N the oo-category of nearby cycles. We call

e JF vanishing-monadic, if at each vertex v of G the spherical functor F,: V, — N
describing & at v is a monadic functor.

e J nearby-monadic, if at each vertex v of G the right adjoint of the spherical functor
F, describing F at v is a monadic functor.

e JF locally constant if F has no singularities.

Remark 3.21. A spherical functor between presentable oco-categories is monadic if and
only if it is comonadic if and only if it is conservative, as follows from the Lurie-Barr—Beck
theorem [Lurl7, Thm. 4.7.3.5].

Finally, we show that the cofiber morphism of a morphism of perverse schobers is auto-
matically a morphism of perverse schobers.

Lemma 3.22. Let f: F — G be a morphism of G-parametrized perverse schober. Let
7: G — F be the cofiber morphism in Fun(Exit(G), Pr.), meaning it appears in the pushout
diagram

?%9

|~ L
0o—— F

where 0 denotes the constant perverse schober with value 0. If F' is a G-parametrized perverse
schober, then m defines a morphism of perverse schobers.

Proof. Let v € Gg be a vertex with an incident halfedge h € e € G;. Consider the following
diagram of presentable co-categories

Ty

fo
T) T2 50) T T0)
S'(h)J( S(h) F(h)
Fle) == (e) T F(e)
rE xl

where the horizontal rightpointed morphisms define cofiber sequences and the superscript
R denotes right adjoints. The left square commutes in both directions, by the right ad-
jointability of the square. The right square commutes in the horizontal right direction and
by Proposition 3.16 it suffices to show that it is horizontally right adjointable.

The image of the fully faithful functor 77 is given by the fiber of f&. Therefore, the
image of G(h) o 7¥ lies in the fiber of £ and thus factors uniquely through the inclusion
7B F(e) = G(e) via a functor F': F’(v) — F’(e). The equivalences

F~m, owf oF
= . 0 §(h) o mf
~F(h)om,onl
~ F'(h)
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thus show that the right square commutes in the right vertical direction. We use this to
prove that it is also right adjointable:
We must show that the natural transformation

S(h)om)l = mit ome 0 G(h) o m)}
~afoF (h)om, onk

— 7o J(h)

is a natural equivalence. The third natural transformation above, given by the counit of
7, 1wk is an equivalence by the fully faithfulness of 7. Using that §(h) ol ~ 7o F'(h),
we see that the first natural transformation applies the unit of 7. = 7% to a functor with image
contained in the image of 7. Restricted to the image of 7%, the unit is an equivalence. [

4 Cosingularity categories and perverse schobers

We fix a field k¥ and a marked surface S with a trivalent spanning graph 7. Theorem 6.1
in [Chr22a] constructs a J-parametrized perverse schober Fg, whose oo-category of global
sections H(T, F) is equivalent to the unbounded derived co-category of the relative Ginzburg
algebra ¥ associated with T. The potential of the underlying quiver consists of 3-cycles, one
for each triangle of the dual ideal triangulation of J. In Sections 4.1 and 4.2, we describe the
cosingularity category associated to %y in terms of the global sections of a quotient perverse
schober of Fy. Using this, we are able to deduce in Section 4.3 that the cosingularity category
is equivalent to the 1-periodic topological Fukaya category.

4.1 A fiber and cofiber sequence of perverse schobers

Consider the T-parametrized perverse schober Fg from [Chr22a, Theorem 6.1]. The spherical
adjunction underlying Fy at any vertex of T is given by

f*: D(k) <+ Fun(S?, D(k)) : f.

where f* is the pullback functor along S? — . There is a k-linear equivalence Fun(S?, D(k)) ~
D(k[t1]), where k[t;] is the graded polynomial algebra with |¢t;] = 1, under which the

t1—0

functor f* is identified with the pullback functor ¢* along ¢: k[t;] —— k, see [Chr22a,
Prop. 5.5]. In particular, the functor f* is conservative and the adjunction f* = f. thus
comonadic. The adjunction f* - f. is however not monadic. The Eilenberg-Moore oo-
category Fun(S?, D(k))™d of the monad f.f* can be identified with the full subcategory
Ind Fun(S2%, Dt (k)) € Fun(S?%,D(k)), see Lemma 2.9. Using this observation, we can
obtain a nearby-monadic and vanishing-monadic T-parametrized perverse schober ?%‘“d by
restricting in the construction of Fy in [Chr22a] the spherical adjunction f* - f. to the
spherical monadic and comonadic adjunction
(f*)lnd—ﬁn: 'D(k‘) «— Ind Fun(SQ, ,Dperf(k)) . £Ind-fin .

*J ok

We remark that to give this definition of fﬂ}mi we also use that in the construction of Fg all
appearing autoequivalences of Fun(S2, D(k)) preserve the subcategory Ind Fun(S2, Dt (k)) C
Fun(S%, D(k)).

There is an apparent pointwise inclusion F*4 — Fy in Fun(Exit(T, Prk,).

Lemma 4.1. The inclusion ?g‘"d — Fg is a morphism of perverse schobers.

Proof. By Proposition 3.16, it suffices to show to show that for 1 < < 3, the diagram

V?f* )Ind—ﬁn

97.1 J 9)

Ind Fun(S2, DPert(k)) <224y Fun(S2, D(k))

(2% ’\7?
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is horizontally right adjointable. We only consider the case ¢ = 1, the other cases can be
treated analogously or also follow using [Chr22a, Prop. 3.11] from the ¢ = 1 case.
It is straightforward to see that the following diagram commutes,

D(k) id D(k) id D(k)
(e l l . k )ttt

Ind Fun(S2, DPerf (k) 2245 Fun(S2, D(k)) ~22% Ind Fun(S2, DPef (k)

N Js s

Ind Fun(S?, DPerf (k) Jmnd, Fun(S?, D(k)) 2% Ind Fun(S?, DPf(k))

where 7yunq denotes the right adjoint of 4,,,4. The right adjoint of the functor iy between lax
limits is obtained by passing componentwise to the right adjoint, see [CDW23, Remark A.2.5],
and thus acts on the third component via my,q. This shows the desired right adjointability.

O

Definition 4.2. We define the functor F&t: Exit(T) — Prl, as the cofiber of the inclusion
Fond < Fg in Fun(Exit(T), Pri,).

Lemma 4.3. The functor 3"%1“ is a T-parametrized perverse schober. At each vertex of T,
it is described by the trivial spherical adjunction

0 < D(k[t{]) .

Proof. Using Lemma 2.10, this is straightforward to check by using that pushouts in the
functor category Fun(Exit(7), St) are computed pointwise in Exit(T). O

Remark 4.4. The abbreviation clst stands for ’cluster’, or rearranging the letters to lcst, it
stands for ’locally constant’ Note that the perverse schober ff"fflSt is locally constant in the
sense of Definition 3.20, meaning that S"CTlSt has no singularities.

Proposition 4.5. The given morphisms FEd — Fg — FIU define a fiber and cofiber
sequence of T-parametrized perverse schobers.

Proof. The inclusion «: ??“d — Fg is by Lemma 4.1 a morphism of perverse schobers.
Lemma 3.22 shows that the cofiber morphism Fg — F$ arising from the definition of F§s*
is also a morphism of perverse schobers. Thus FEd — F5 — F indeed forms a fiber and
cofiber sequence of perverse schobers. O

4.2 The cosingularity category of a marked surface

Definition 4.6. Let D be a compactly generated k-linear co-category.

(1) We define the finite subcategory Di* C D as the full subcategory consisting of objects
Y € D, satisfying that Morp (X,Y) € D(k) is perfect for all compact objects X € D¢,
We note if D admits a compact generator Z, then Y is finite if and only if Morp(Z,Y)
is perfect.

(2) Suppose that D is smooth. Then the evaluation functor of D admits a left adjoint,
which we identify with an endofunctor id}, of D (also known as the inverse dualizing
bimodule). Suppose further that id!D is an equivalence. Then the finite objects in D
are compact, i.e. Di* € D¢ see [Chr26, Lem. 2.25]. Passing to Ind-completions yields
the fully faithful inclusion Ind Df* ¢ D. We define the cosingularity category of D as
the Ind-complete Verdier quotient D/ Ind D (i.e. cofiber in Pr,).

Remark 4.7. Let D be as in part (2) of Definition 4.6. Then D admits a semiorthogonal
decomposition (D/Ind Di? Ind Dfi*) into its cosingularity category and its Ind-finite part,
see Lemma 2.6.

The goal of this section is to prove the following theorem.
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Theorem 4.8. The cosingularity category of D(%7) is equivalent to the co-category H(T, Fst)
of global sections of the perverse schober ”J",“}l“,

Remark 4.9. A shown in [Chr22a, Section 6.4], the oo-category D(¥5) ~ H(T,F5) does
not depend on the choice of trivalent spanning graph T of the marked surface S, up to
equivalence of co-categories. The same thus also holds for its associated (Ind-complete)
cosingularity category. We therefore may write

Cg = H(T, FssY) .

Note that we will not distinguish in notation between the Ind-complete cosingularity category
and H(T, Fst).

To prove Theorem 4.8, we show that the co-category of global sections of F22 is equiv-
alent to Ind H(T, F3) " and then make use of the fiber and cofiber sequence F22d — Fg —
3"%1“. The argument for the former relies on a computational argument using compact gen-
erators arising from curves described in [Chr21].

Definition 4.10. We denote by 3 (T, Fy)d-fn © H(T,F5) the full subcategory of global
sections X € H(T, Fy) satisfying that ev.(X) € Ind Fun(S2, D(k)Pe) for all edges e of T.

Lemma 4.11. The oco-category H(T,Fo)0 s compactly generated by the objects M,YL
associated to finite matching data (v, f*(k)) with v pure and f*(k) € Fun(S?, D(k))" c
Fun(S?,D(k)), as defined in [Chr21].

Proof. Using that f*(k) is a compact generator of Ind Fun(S2, D(k))f", [Chr21, Prop. 4.20]
shows that a certain collection of matching data with local value f*(k) and pure, finite
underlying matching curves compactly generate (T, Fy)d-fn We remark that for the fact
that the matching curves giving rise to this compact generator are finite, it is crucial that
the marked surface has a marked point on each boundary component. O

Lemma 4.12. For e an edge of T, consider the left adjoint

L D(k[t)]) ~ Fg(e) — H(T, Fq)

ev, :

of the evaluation functor ev. at e. The object €D 7, evli(k[t1]) € H(T,Fqy) is identified
under the equivalence H(T,F) ~ D(¥y) with the relative Ginzburg algebra Y5 € D(Yy). In
particular, @, evk(k[t1]) is a compact generator.

Proof. This is shown in [Chr22a, Prop. 6.7]. O
Proposition 4.13. There exist equivalences of oco-categories
H(T, Fond) ~ (T, Fq)nd-in ~ Tnd D ()i

Proof. Tt follows from the definition of T}‘“d, that the image on global sections of the inclusion
3"{?“‘1 — Fg consists of global sections which evaluate on each edge of T to an object in
Ind Fun(S2, D(k)Pert) < Fun(S?, D(k)). We thus see that (T, F2nd) o~ H(T, Fy)nd-fin,

We proceed with showing the equivalence H(T, Fy)d-in ~ Ind D(%5)». We can realize
both of these co-categories as presentable, stable subcategories of H(T,Fy). An object of
H(T,Fg) is by Lemma 4.12 finite if and only if its evaluations to the edges of T are finite in
Fun(S?%, D(k)), which is equivalent to lying in Fun(S2, D(k)Pf) C Fun(S2%, D(k)). It follows
that D(%y)i® € H(T, Fy)md-fn. Using that the objects in D (%) are compact in H(T, F),
we further get Ind D(%y)i® C H(T,Fy)d 0. Lemma 4.11, in combination with the fact
that the global sections associated to finite, pure matching data with finite local value, in
the sense of [Chr21], lie by construction in D (%) € H(T, F7)P4fn now implies that both
H(T, Fg)dfn and Ind D(% )" are compactly generated by the same set of objects and thus
equivalent. O]

Proof of Theorem 4.8. Combine Proposition 4.5, Lemma 3.19 and Proposition 4.13. O
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The dg-algebra k[tE] is commutative and the co-category D(k[tE]) comes with an ap-
parent k[t;t]—linear structure. This can be used to construct a factorization of the perverse
schober F5 through LinCatk[ﬁ] — St. In particular, its limit Cg = H(T, FL) inherits a

E[tF]-linear structure.

Proposition 4.14. The k[t;t]—linear oo-category Cg is smooth and proper.

Proof. Note that Cg is equivalent to the colimit of the right adjoint diagram of FZ in
LinCat K] The smoothness thus follows from the fact that finite colimits of smooth k[tQi]—
2

linear co-categories along compact objects preserving functors are again smooth, see [Chr26,
Cor. 3.12].
To see that Cs is proper, consider the compact generator @, ., evy (k[t]) of Cs, given

by the sum of the images of the left adjoints of the evaluation functors ev,: H(7, ’J”?IlSt) —

+
Fst(e) o~ D(k[tE]). Proposition 4.20 in [Chr21] shows that evE (k[t]) ~ Mcke[tl] for some

matching datum (c, k[t£]), where ¢, is a finite, pure matching curve (or equivalently evZ (k[t{]
M., in the notation of Section 6.2 below for some matching curve c.). Using Theorems 6.8
and 6.9, we see that End(,cq, evLl(k[tE])) is perfect in D(k[tE]), showing that Cg is
proper. [

4.3 Relation to the 1-periodic topological Fukaya category

The perverse schober &"%1“ is locally constant, i.e. has no singularities, and its generic stalk is
the derived oco-category @(k[tli]) of 1-periodic chain complexes. It is thus locally described
by the 1-periodic derived category of the As-quiver. Global sections of locally constant
perverse schobers may be referred to as topological Fukaya categories, as these recover in
special cases the constructions given in [DK18, DK15, HKK17]. We refer to the co-category
of global sections Cg = H(T, ff’“&l“) as the topological Fukaya category of S with values in
the derived oco-category of 1-periodic chain complexes, or the 1-periodic topological Fukaya
category for short.

There is a notion of monodromy for parametrized perverse schobers [Chr26] and this mon-
odromy of F§* along any closed curve in S° is trivial, this is shown in the proof of Theorem
5.5 in [Chr21]. Furthermore, any locally constant parametrized perverse schober is fully de-
termined up to equivalence by its generic stalk and monodromy, see [Chr26, Prop. 4.34]. We
are hence justified in calling the cosingularity category Cg the 1-periodic topological Fukaya
category of S.

The oo-category C§ can further be considered as an oo-categorical avatar of the topological
Fukaya (dg-)category in the sense of [DK18] with coefficients in the cyclic 2-Segal object
arising from the Waldhausen S,-construction of the 2-periodic dg-category dgModk[tli] of dg

k[t{]-modules. In particular, Corollary 3.4.7 of [DK18] shows the following.

Theorem 4.15. The stable co-category Cs is acted upon by automorphisms in ho LinCaty
by the mapping class group of the surface S of isotopy classes of orientation preserving
diffeomorphisms S — S restricting to the identity on 0S.

Finally, we also record a description of the cosingularity category Cs in terms of a gen-
tle algebra. A description of Cg as the orbit oo-category D(gtl)/[1] is given in [Chr25b,
Prop. 4.11].

Proposition 4.16. There exists an ungraded gentle algebra gtl and an equivalence of k-linear
co-categories Cg ~ D(gtl) @, D(k[tE]).

Proof. Choose a trivalent spanning graph T of S. As observed in [HKK17], the co-category
of global sections of a locally constant perverse schober with generic stalk D(k) on S
parametrized by T admits a formal generator whose endomorphism algebra is a finite di-
mensional, and in general graded, gentle algebra, denoted gtl’. Using that tensoring with
D(k[tE]) (with respect to the symmetric monoidal structure of LinCaty) preserves colimits
in LinCaty, we find an equivalence Cs ~ D(gtl') @) D(k[t{]) in LinCaty. Let gtl be the
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ungraded gentle algebra obtained from gtl’ by discarding the grading. It is easy to see that
D(gtl') @k D(k[tE]) ~ D(gtl) @ D(k[t]) in LinCaty, showing the claim. O

Topological Fukaya categories admit relative Calabi—Yau structures if the monodromy of
the perverse schober acts trivially on a relative Calabi—Yau structure of the generic stalk,
see [Chr26, Thm. 5.8]. In our setting, this gives the following.

Theorem 4.17 ([Chr26, Thm. 6.5]). Assume that char(k) # 2. The k[tF]-linear functor
H eve: Cg — H Fst ()

eG‘J"f eeﬂ'f

admits a 2-Calabi- Yau structure in the sense of Definition 2.14.

5 Exact structures from relative Calabi-Yau structures

Consider an exact functor G: B — A between stable co-categories, meaning a functor which
preserves finite limits and colimits. We can pull back the split-exact structure on A to an
exact structure on the oco-category B, such that a sequence in B is exact if and only if its
image under G is a split-exact sequence in A, see Example 5.8. The goal of this section
is to show that if G carries a right 2-Calabi-Yau structure and is spherical, then the exact
structure on B is Frobenius and its extriangulated homotopy category is 2-Calabi-Yau.

In Section 5.1, we recall the notion of an exact co-category and describe pullbacks of exact
structures. In Section 5.2, we recall what is an extriangulated category and why it is natural
to consider the extriangulated homotopy categories of exact co-categories. In Section 5.3,
we prove that the Frobenius extriangulated structure arising from a functor carrying a right
2-Calabi-Yau structure is extriangulated 2-Calabi-Yau.

5.1 Exact oco-categories

Definition 5.1 ([Barl5]). An exact oo-category is a triple (C, C;, Ct), where € is an ad-
ditive oo-category and Cj, @' C @ are subcategories (called subcategories of inflations and
deflations), satisfying that

1) every morphism 0 — X in C lies in €; and every morphism X — 0 in € lies in CT.
y i y

(2) pushouts in € along morphisms in C; exist and lie in €;. Dually, pullbacks in € along
morphisms in € exist and lie in CT.

(3) Given a commutative square in € of the form
X —>Y
bl
X sy
the following are equivalent.

o The square is pullback, ¢ € € and d € ef.
o The square is pushout, b € €; and a € ef.

When the exact structure is clear from the context, we also simply refer to C as an exact
oo-category.

Definition 5.2. An exact sequence X — Y — Z in an exact oo-category (C, Cy, €™ consists
of a fiber and cofiber sequence in C

a

X —
| o
0——

N <

with ¢ € G+ and b € et.



Example 5.3. 1. Let € be an additive co-category. Then there is an exact oo-category
(G, ¢y, @") with inflations consisting of inclusions of direct summands and deflations
consisting of projections onto direct summands, called the split-exact structure. The
exact sequences are the split-exact sequences X —+ X @Y - Y.

2. Let € be a stable co-category. Then (€, C, €) is an exact oco-category.
Definition 5.4. Let (€, C,CT) be an exact co-category.

1) An object P € C is called projective if every exact sequence X — Y — P is split-exact.
An object I € C is called injective if every exact sequence I — Y — Z is split-exact.

2) We say that C has enough projectives if for each object X € C there exists an exact
sequence Y — P — X with P projective. Similarly, we say that C has enough injectives
if for each object X € C there exists an exact sequence X — I — Y with I injective.

3) We say that C is Frobenius if € has enough projectives and injectives and the classes
of projective and injective objects coincide.

The oo-categorical version of the stable 1-category of a Frobenius exact 1-category is the
following. We thank Jasso—Kvamme—-Palu—Walde for communicating this result.

Proposition 5.5. Let (€, C4, C") be a Frobenius evact co-category and W the class of mor-
phisms f: X — Y which fit into an exact sequence

x Yy ar g

with I and J injective and g arbitrary. Then, the co-categorical localisation € = CW 1] of
C at W is a stable co-category.

Proof sketch. Applying [Cis19, Prop. 7.5.6] and its dual version, one finds that € admits
finite limits and colimits and pushouts and pullbacks coincide. O

Definition 5.6. 1. An exact functor G: (€,C4,C") — (D, D;,DT) between exact oo-
categories consists of a functor G: € — D which preserves zero objects, inflations,

deflations, as well as exact sequences’.

2. A sub-exact structure of an exact co-category (€, €y, CT) consists of an exact co-category
(C, €y, €F), satisfying that C; C C; and CF C €.

Sub-exact structures can be pulled back along exact functors as follows.

Lemma 5.7. Let G: (C,C;,Ct) — (D, Dy, DY) be an exact functor between ezact co-categories

and (D, D+, D¥) a sub-ezact structure of (D, D+, DT). Then there exists a sub-ezact structure
(€, Cy, CH) of (€,C4,CT), such that G defines an exact functor G: (G, Cy, €¥) — (D, Dy, DF).

Proof. We set C; C C; to be the subcategory of morphisms whose image under G lies in Dj;.
We define C* similarly. It is straightforward to verify that (C, Gy, €*) is an exact oo-category
and that G: (€, €y, €) — (D, Dy, D¥) is an exact functor. O

Example 5.8. Suppose that € and D are stable co-categories and G: € — D is an exact
functor in the usual sense, i.e. a functor that preserves finite limits and colimits. Then
G defines an exact functor G: (€, C,C) — (D, D, D) between exact co-categories. Applying
Lemma 5.7, we obtain an additional exact structure (C, €4, €") on € by pulling back the split-
exact structure (D, D;, DY) on D. A fiber and cofiber sequence in € is exact in (C, €4, €F) if
and only if its image under G is split-exact.

Proposition 5.9. Let G: € — D be an exact functor between stable co-categories. If G
is a spherical functor, then the exact co-category (€, Cy, e from Example 5.8 is Frobenius.
The subcategory of injective and projective objects of C consists of the additive closure of the
essential image of the right adjoint H of G.

IThis is equivalent to the a priori slightly stronger assumption of preserving pushouts along inflations and
pullbacks along deflations.
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Remark 5.10. A result similar to Proposition 5.9 appears for triangulated categories in
[BS21], see Theorem 4.23 and Remark 4.24 in loc. cit.

Proof of Proposition 5.9. Let F be the left adjoint of G and H the right adjoint of G. By the
sphericalness of G, we have that H ~ F o T'p, with T the cotwist functor of the adjunction
G - H, see [DKSS21, Cor. 2.5.16]. In particular, it follows that the essential images of F'
and H, and hence also their additive closures in €, agree.

We begin by showing that every object of the form F'(d) € € with d € D is injective. A
dual argument shows that every object of the form H(d) € € is projective. Let ¢ € € and
consider an extension o € Extg(F(d), ¢). The extension a corresponds to a fiber and cofiber
sequence ¢ — z — F(d) in €. The image of this fiber and cofiber sequence under G splits
(i.e. defines an exact sequence) if and only if G(«) ~ 0. The commutative diagram,

Extle (GF(d),G(c))
/ \

Exth (d, G(c))

Extg(F(d), c) =

with u the unit of F' 4 G, shows that G(a) ~ 0 if and only if o ~ 0. This is the case, if
and only if the fiber and cofiber sequence ¢ — z — F(d) already splits. Since ¢ and a were
chosen arbitrarily, it follows that F(d) is injective.

Next, we show that C has enough injective and enough projective objects. Let ¢ € €. We
have a fiber and cofiber sequence ¢ % HG(c) — Te(c), where u, is a unit map and Te the
twist functor of G 4 H. We apply G and extend to the diagram

T@G(C) e

| o |

0
G(c) eI GHG(c) = G(c)

Cug(e)

| o | o]

0 —— GTe(c) —— 0
with cug(.) a counit map and all squares biCartesian. This shows that the sequence
G(e) £2 GHG(c) — GTe(c)

in D splits and hence that ¢ ~% HG(c) — Te(c) is exact. We note that HG/(z) is both projec-
tive and injective, and have thus shown that C has enough injective objects. Replacing ¢ with

—1
Ty ' (c) in the above argument, we obtain the exact sequence T}, ' (c) e Yy GT ' (z) — ¢,
showing that € also has enough projectives.

Finally, we show that any injective or projective object lies in the additive closure (closure
under taking direct sums of direct summands) of the essential image of H. Let I be injective.
Then we have an exact sequence I — HG(I) — Te(I) in €. Since I is injective, this
sequence splits, showing that I is a direct summand of HG(I), as desired. If P is projective,
we similarly find an exact sequence T '(P) — FG(P) — P, showing that P is a direct
summand of FG(P) ~ HTy'G(P), as desired, concluding the proof. O

5.2 Extriangulated categories

Extriangulated categories were introduced by Nakaoka-Palu in [NP19] as a simultaneous
generalization of triangulated and exact 1-categories. An extriangulated category (C,E,s)
consists of

o an additive 1-category C,

o an additive bifunctor E: C°P x C' — Ab to the additive 1-category of abelian groups,
of which we think as describing an interesting class of extensions in C' and
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o asequence (Y - Z — X) = s(«a), called realization, associated to each a € E(X,Y),

subject to number of conditions, see [NP19]. We will refer to the realization sequences as
exact sequences in C, though Nakaoka-Palu call them conflation sequences.

Examples of extriangulated categories are, besides triangulated and exact categories,
extension closed subcategories of triangulated categories. A further natural source of extri-
angulated categories are the homotopy 1-categories of exact oo-categories. To see this, note
that by [Kle22] any exact oo-category admits a stable hull, meaning that it can be embedded
as an extension closed subcategory in a stable co-category. Passing to homotopy categories,
one obtains an extriangulated structure on the homotopy category, as it is an extension closed
subcategory of the triangulated homotopy category of the stable hull. An independent and
more direct proof that the homotopy category is extriangulated also appears in [NP20].

In the remainder of this article, we will assume all extriangulated categories to be k-linear,
with k a field, meaning that the 1-category C is k-linear and E factors through Vecty — Ab.

Given a k-linear exact co-category C, the additive functor of extensions E: ho C°P xho € —
Vecty, in the extriangulated structure of ho € describes isomorphism classes of exact sequences
in C. The functor E can be useful for studying the exact co-category C. For instance, one
can use it to formulate a notion of cluster tilting object in the exact co-category €, and this
is simply an object which becomes cluster tilting in the extriangulated homotopy category
ho € in the sense of Definition 5.15 below.

The definition of a Frobenius extriangulated category is analogous to the definition of a
Frobenius exact co-category.

Definition 5.11. Let (C,E,s) be an extriangualated category.

1) An object P € C is called projective if E(P,X) ~ 0 for all X € C and injective if
E(X,P)~0 for all X € C.

2) We say that C has enough projectives if for each object X € C there exists an exact
sequence Y — P — X with P projective. Similarly, we say that C' has enough injectives
if for each object X € C there exists an exact sequence X — I — Y with [ injective.

3) We say that C' is Frobenius if C' has enough projectives and injectives and the classes
of projective and injective objects coincide.

The inflations, deflations and exact sequences in an exact oco-category can be read off
from the extriangulated structure of its homotopy category. Similarly, the condition of being
a projective or injective object in an exact oco-category can be tested in the extriangulated
homotopy category. We also get the following.

Lemma 5.12. A (k-linear) exact oo-category is Frobenius if and only if its extriangulated
homotopy category is Frobenius.

Remark 5.13. Given a Frobenius extriangulated category C, its stable category C' is defined
as the quotient category by the ideal of morphisms which factor through an injective object.
The stable category C' inherits the structure of a triangulated category, see Corollary 7.4
and Remark 7.5 in [NP19].

If (€, €4, C") is a (k-linear) Frobenius exact oo-category, the triangulated homotopy cat-
egory of its associated stable oo-category € can be identified with the triangulated stable
category ho € of the Frobenius extriangulated homotopy category ho €.

Definition 5.14. An extriangulated category (C, E, s) is called extriangulated 2-Calabi-Yau
if there exists an isomorphism of vector spaces E(X,Y) ~ E(Y, X)*, bifunctorial in X and
Y.

We conclude this section with the definition of a cluster tilting object in an extriangulated
category.

Definition 5.15. Let T be an object in an extriangulated category (C,E,s).

o We denote by add(T") C C the additive closure of T, given by the subcategory given
by objects equivalent to finite direct sums of direct summands of 7.
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e T is called basic if it can be decomposed into finitely many indecomposable direct
summands which are pairwise non-isomorphic.

e T is called rigid if
E(T,T)~0.
Further, a basic rigid object T is called maximal rigid, if there exist no object X € C,
satisfying that T @ X is rigid and X ¢ add(T).
e T is called cluster tilting if it is a basic rigid object and for every X € C there exists
an exact sequence Ty — Ty — X with Ty, 71 € add(T).

Lemma 5.16. Let (C,E,s) be a Frobenius extriangulated category with finite-dimensional
Homs and T € C a basic rigid object.

(1) Then T is a cluster tilting object if and only if for every object X € C the condition
E(X,T) ~ 0 implies that X € add(T).
(2) Dually, the following two statements are equivalent:
e For every X € C there exists an exact sequence X — Ty — Ty with Ty, Ty €
add(T).
o For every X € C, the condition E(T, X) ~ 0 implies that X € add(T).

Note that if C' is extriangulated 2-Calabi—Yau, this shows that T is a cluster tilting object if
and only if the equivalent conditions of (2) hold.

Proof. The proof of part (2) is analogous to the proof of part (1), we thus only prove part

(1).
Assume that T is a cluster tilting object. Choose an exact sequence Ty — Ty — X in C
with Tp, Th € add(T). The exact sequence of vector spaces, see [GNP21, Thm. 3.5],

Hom(Ty,T) — Hom(Ty,T) — E(X,T) — E(T0,T)
~0
shows that if E(X,T) ~ 0, then the sequence T} — Ty — X splits (since the connecting
homomorphism vanishes), so that X is a direct summand of Tp.

For the converse direction, assume that for all X € C, the condition E(X,T) ~ 0 implies
that X € add(T). Since C is Frobenius, we can find a deflation P — X with P projective.
We define Tp = P® (T @ Home (T, X)) € add(T'). The apparent morphisms Ty — X is again
a deflation by [NP19, Cor. 3.16]. It remains to show that the term T appearing in the exact
sequence 77 — Ty — X lies in add(T"). We have an exact sequence of vector spaces

Hom(T, Ty) — Hom(T, X) — E(T, Ty) — E(T, Tp)
~0

see again [GNP21, Thm. 3.5]. The first morphisms is surjective by the definition of Tp, which
shows that E(T,T}) ~ 0. It follows that T} € add(T'), concluding the proof. O

5.3 Exact structures via relative Calabi-Yau structures

Let Kk = k be a field or k = k[tQim] the commutative dg-algebra of graded Laurent polynomials
over a field. We fix a functor G: B — A between k-linear smooth and proper oco-categories,
which is spherical and carries a right n-Calabi-Yau structure for some n € Z.

We begin this section by exhibiting a relative version of the triangulated n-Calabi-Yau
property Ext% (X,Y) ~ Ext%fi(Y, X)* using the relative right Calabi-Yau structure of B.
In the case n = 2, this relative version of duality amounts to a 2-Calabi—Yau property on
the Frobenius extriangulated structure on ho B, see Proposition 5.21.

Definition 5.17. Let XY € B¢ be compact objects. We denote by EXt%CY(X, Y) C
Ext%(X,Y) € N(Vecty) the kernel of the morphism

G: Exth(X,Y) — Ext’y (G(X),G(Y)). (10)

We call EXt%CY(X ,Y) the k-vector space of Calabi-Yau extensions.
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Lemma 5.18. The Calabi- Yau extensions assemble into a subfunctor
Extiy”Y (-,-) € Extfy (-,-): B x B — N(Vecty,) .

Proof. Given morphisms f: W — X, g: X — Y[i] and h: Y[i] — Z in B such that G(g) =
0, we have G(hgf) ~ G(h) o G(g) o G(f) ~ 0. It follows that Calabi-Yau extensions are
closed under composition with morphisms and thus define a subfunctor. O

Given a k-vector space B, we write B* = Homvect, (B, k).

Proposition 5.19. Let XY € B¢ be compact objects. There exists an equivalence in
N (Vecty,)
Ext2%Y (X, V) =~ Extl 7Y (Y, X)*,

bifunctorial in X,Y .

We give the proof of Proposition 5.19 further below.
Let (B, B+, B1) be the exact co-category obtained by pulling back the split-exact structure

on A along G, see Example 5.8. We denote by (ho B¢, Ext%’CY,ﬁ) the arising extriangulated

homotopy category. Here, we use that EXt;CY describes the extensions in this extriangulated

category, as follows from Lemma 5.20. To be precise, we also abuse notation by labeling by
EXt%CY the second functor in the factorization

ExtyY: BOoP x BS — ho BP x hoB® — N(Vecty,) .

Lemma 5.20. Let X,Y € B¢. Consider a fiber and cofiber sequence X — Z =Y in B and
let 5:Y — X[1] be the cofiber morphism of . Then [ lies in Ext%CY(Y, X) € Exty (Y, X)
if and only if the image of the fiber and cofiber sequence under G splits.

Proof. We show that the fiber and cofiber sequence G(X) — G(2) Gle), G(Y) splits if and
only if the cofiber morphism G(3) vanishes. By definition, the latter is equivalent to 8 being a
Calabi-Yau extension. The forward implication is clear. For the converse, suppose that G(f)

is zero. Then its fiber morphism, given by G(«), is equivalent to G(X) & G(Y) (i), G(Y).
This shows that the fiber and cofiber sequence splits. O

Proposition 5.21. Suppose that n = 2. The extriangulated category (ho BC,Ext%CYJ) 18

Frobenius and extriangled 2-Calabi-Yau. The exact co-category (30,3‘%,3”) s hence also
Frobenius.

Proof. The Frobenius property is shown in Proposition 5.9. The statement about the 2-
Calabi-Yau property follows directly from Proposition 5.19. O

Remark 5.22. Suppose that n = 2. The proof of Proposition 5.9 shows that the suspension
functor of the stable co-category B¢ arising from (BC,B%BC’T), see Proposition 5.5, acts
on objects as the twist functor of the spherical adjunction G 4 H, or by the relative right
2-Calabi-Yau structure equivalently as the delooping (or negative shift) of the Serre functor
of B.

It is an interesting problem to determine whether B¢ inherits a right 2-Calabi-Yau struc-
ture from the relative right 2-Calabi-Yau structure of B.

We conclude this section with the proof of Proposition 5.19.

Proof of Proposition 5.19. Let H be the right adjoint of G and u: idg — HG be the unit.
There is a commutative triangle as follows.

Extly (-1,-2) —== Ext}(G(-1), G(-2))

o, a

Extl (-1, HG(-2))
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For X,Y € B¢, the vector space Ext%CY(X ,Y) is thus the kernel of the morphism
Exth (X,Y) 225 Exthy (X,Y).

The relative right n-Calabi—Yau structure of G supplies us with a fiber and cofiber se-
quence of endofunctors id; [—n] — idg — HG, see (6). We can evaluate this sequence at any
object Y € B€ to obtain a fiber and cofiber sequence in B°. Passing to the corresponding
long exact sequence of extensions with X € B¢ yields the second row in the following diagram
in N(Vecty).

0 Exti Y (X,Y) id Exti?Y (X,Y)
| | | .
Exti (X, HG(Y)) ——— Extl (X, id% (Y)[-n)) o Exth (X,Y) — "0 Bty (X,

E

Exty  (HG(Y),id%(X))* — Extgz(id} (Y)[—n],id} (X))* ——— BExtg (Y, id}(X))* ———— Extz'(HG(Y),id

|

£ Ok

)

f l l

HG(Y))

~

00— Exty" Y (idi (V) [—n], id5 (X))* % Bxty" Y (idg (V) [—n], idy (X))* ——— 0

The top row is obtained by passing to the fiber of u o (-), as explained above. The top
right square is thus a pullback square.

The third row is obtained from the defining property of the Serre functor id7;, see Defi-
nition 2.13.

To explain the appearance of the bottom row, we use that G is spherical: The left adjoint
F of G is given by (id3[1 — n])~* o H, where idj[1 — n] is equivalent to the twist functor
of the adjunction G 4 H, see [DKSS21, Corollary 2.5.16]. Furthermore by [Chr22b, Lemma
2.11], the morphism (with cofiber ids)

FGoid}y(Y)[—n] ~ HG(Y)[~1] — id}(Y)[-n]

is a counit morphism of the adjunction F' 4 G, and thus adjoint under FG 4 HG to the unit
of G 4 H. It follows that the morphism ¢ in the above sequence is equivalent to the dual of
the morphism
Exty’ (id5 (Y)[—n],id5 (X)) “5Exty’ (idg (V) [—n], HG o idj (X)) .

~ Exty' (FG oidy (Y)[—n], id5 (X))

~ Exty (HG(Y)[-1],id} (X))

~ Exty ‘(HG(Y),id% (X))
arising from postcomposition with the unit u of G + H. By the commutativity of the diagram
(11), this shows that Exty’(idg (Y)[—n],id% (X)) fits into the above diagram as the indicated

pushout. 4
Finally we note that, since any exact sequence in Vecty, splits, EXt%CY<X ,Y) is the maxi-

mal direct summand on which « restricts to an isomorphism and Ext;’CY(id*B (Y)[—n],id5(X))*

is the maximal direct summand on which § restricts to an isomorphism. This shows that
the arising vertical morphism

Ext2%Y(X,Y) — Extly (X,Y) ~ Extg (Y, id} (X))* — Exty" (idj (Y)[—n], id} (X))*
is an isomorphism. To conclude, we note that

Exty Y (idh (V) [—n], idk (X))* ~ Extl Y (idk (V) idj (X))* .
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6 The geometric model

In this section, we describe a geometric model for the cosingularity category Cg, including
a classification of all indecomposable objects in terms so called matching curves, which we
introduce in Section 6.1. In Section 6.2, we recall the results from [Chr21], which associate
objects of Cg to matching curves and describe the Homs in terms of the intersections of the
curves. In Section 6.3, we compare the computation of cones in Cg of morphisms arising from
intersections with the Kauffman skein relation. The more technical aspects are discussed in
Sections 6.4 and 6.5. In Section 6.4, we give a review of the construction of the objects
from matching curves in [Chr21]. In the final Section 6.5, we prove the geometrization
Theorem 6.13, which states that every compact object in Cg decomposes uniquely into the
direct sum of objects associated to matching curves.

For the remainder of this article, we will always assume that k is an algebraically closed
field. For the entirety of this section, we also fix a marked surface S and an auxiliary trivalent
spanning graph T of S.

6.1 Matching curves

Definition 6.1. An allowed curve is a continuous map v: U — S\M with U = [0,1], S%,
satisfying that

1. all existent endpoints of 7 (possibly none) lie in 9S\ M.

2. away from the endpoints, ~ is disjoint from 0S.

3. v does not cut out an unmarked disc? in S.

4. if U = S*, then 7 is not homotopic to the composite of multiple identical closed curves.

An open matching curve v in S is an equivalence class of allowed curves under homotopies
relative 9S\M with domain U = [0, 1] and considered up to reversal of orientation. We say
that the rank of v is 1.

A closed matching curve « in S is an equivalence class of allowed curves under homotopies
relative 9S\M with domain U = S together with choices of an integer a > 1 and \ € k*.
We call a the rank of v and A the monodromy datum?®. We consider closed matching curves
up to simultaneously reversing the orientation and replacing the monodromy datum A by its
inverse A~!. We say that two closed matching curves are distinct if either their underlying
curves or their monodromy datum differ.

Definition 6.2. Let v: U — S, v': U’ — S be two matching curves. We choose represen-
tatives of v and +" with the minimal number of intersections.

e A crossing of v and 4’ is an intersection of v and 4’ away from their endpoints. We
denote the set of crossings of v and 4" by i (v,7"). If v =/, then i°(y,y) counts each
self-crossing only once.

o A directed boundary intersection from v to 4’ is an intersection of both v and 7’ with
the same connected component B of dS\M such that the intersection of 4" with B
follows the intersection of v with B in the orientation of B induced by the (clockwise)
orientation of S. We denote the set of directed boundary intersection from ~y to v’ by
PPV (y,4"). If v = 4/, then i°9¥ (v, ) only counts those directed boundary intersections
arising from two distinct ends of 7 lying on the same component of 9S\ M.

Definition 6.3. An open matching curve : [0,1] — S is called an arc if it has no self-
crossings. An arc is called a boundary arc, if it cuts out a monogon. An arc is called an
internal arc, if it is not a boundary arc.

Remark 6.4. The notion of an internal arc in the sense of Definition 6.3 coincides with the
notion of an arc from [FT18, Def. 5.2], except that we use a different convention regarding

2By cutting out, we mean that a connected part of the curve bounds an unmarked disc.
3The corresponding monodromy matrix is the a x a-Jordan block with eigenvalue .
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Figure 1: A crossing and a direct endpoint intersection of two matching curves. The boundary
of the surface is depicted in green. The magenta arrow indicates the clockwise direction. The
orange vertex describes a marked point.

endpoints. In this paper, endpoints lie in dS\M, whereas in loc. cit. endpoints lie in M.
These two perspectives are however equivalent, as can be seen by expanding the marked
points to intervals, contracting their complements to points and using that arcs are considered
up to homotopy.

Definition 6.5 (See e.g. [FST08]). Two arcs in S are called compatible, if they do not have
any crossings. An ideal triangulation of S consists of a maximal (by inclusion) collection I
of pairwise compatible arcs in S.

We note that any ideal triangulation of S contains all boundary arcs of S and that any
two ideal triangulations of S have the same cardinality.

6.2 Objects and Homs

The cosingularity category Cg embeds fully faithfully into the oo-category H(T, Fg) of global
sections of the perverse schober Fg as the full subcategory spanned by global sections whose
value at any edge e € Ty lies in D(k[tE]) € D(k[t1]) = Fr(e). To describe the objects and
morphism objects in the cosingularity category Cg, we may thus make use of the partial
geometric model for H(T, Fy) of [Chr21].

Consider a matching curve v in S. Such a curve defines by [Chr21, Lemma 4.8] a matching
datum (v, k[t{]) in the sense of [Chr21, Def. 4.9] with + a finite, pure matching curve in S\ M
in the sense of [Chr21, Def. 4.5]. By the results of Section 4.2. in loc. cit., we thus get for

+
each matching curve v in S a global section M, = M»];[tl] € Cs C H(T,TFy). We further

have the following.

Proposition 6.6 ([Chr21, Cor. 5.14]). Let v be a matching curve in S. Then the discrete
endomorphism ring of M., € Cg is local and M., thus indecomposable.

We furthermore note that the assignment of global sections with matching curves is
independent of the chosen 3-valent spanning graph T

Remark 6.7. The assignment of isomorphism classes of global sections with matching curves
does not depend on the choice of chosen trivalent spanning graph 7. This invariance can be
seen as follows:

Let 7,7’ be two 3-valent spanning graphs of S. Then the corresponding dual ideal
triangulations differ by a finite sequence of flips. Associated with the sequence of flips is
an equivalence of co-categories E: H(T,Fy) ~ H(T',Fg), see [Chr2l, Section 4.4]. For
matching data (v, k[tF]) with local value L = k[t{], the resulting global section does not
change under homotopies of y that are allowed to cross the trivalent vertices of T, see [Chr21,

Rem. 4.17]. Theorem 4.21 in [Chr21] states that for a matching datum (v, k[tF]), the image

+ +
of M,]: [tr] under F is indeed given by M:,[tl} with 7/ homotopic to 7 in the above sense.

The morphism objects between the M., ’s can be described in terms of intersections of the
curves as in the following two Theorems, see [Chr21, Theorems 5.4 and 5.5]%.

4We note that in Theorem 6.8 the case that the curves underlying v, ' agree but their monodromy data, differ
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Theorem 6.8. Let v, be two distinct matching curves in S. Let a be the rank of v and o’
the rank of v'. There exists an equivalence in D(k[tF])

Moreg (M, M.,) >~ k;[tit]EBaa/z'Cr(%’y')@ibdry(fy,q') .

Theorem 6.9. (i) Let v: [0,1] — S be an open matching curve in S. There exists an
equivalence in D(k[tE])

Mores (M’Y7 M’y) ja k[t%:}®1+2icr(’y’ﬂy)+ibdry(777) .

(ii) Let v: S* — S be a closed matching curve in S of rank a. There exists an equivalence
in D(k[ty])
Moreg (M, M) ~ k[tF]®2++20% (1)

6.3 Skein relations from mapping cones

In the following, we collect geometric descriptions of the cones of the morphisms between
the objects of Cg associated to the matching curves of rank 1. Similar descriptions of cones
in the derived categories of gentle algebras appear in [OPS18]. We fix two matching curves
~,7" in S and distinguish two cases.

Case 1: v and v have a crossing.

There are two possible smoothings of this crossing. To describe the smoothings, we first
suppose that both « and «/ are open. In this case, each of the two smoothings consisting
of two matching curves in S, denoted 71,72 and ~3,74. The first curve in each of the two
smoothings is obtained by starting at an endpoint of + and tracing along v up to that
crossing, and then tracing along v in one of two possible directions. Similarly, the second
curve in the two smoothings is obtained by starting at the other endpoint of «, tracing along
~ up to the crossing, and then tracing along 7’ to the other end. This process is locally at
the crossing illustrated on the left in Figure 2.

If one of the two matching curves 7,~’ is closed, say +/, the smoothings are instead given
by single open matching curves, which we denote by v1,7v2. These are obtained by starting
at an endpoint of vy, tracing along v up to the intersection point, then tracing once around ~’
in one of two chosen directions, and finally tracing along « from the intersection point to its
other endpoint. The local picture of the smoothing at the crossing in Figure 2 still applies
in this case, but 1,72 in the figure join into one curve v;, and 73,4 join into one curve ~,.

Finally, suppose that 7,~" are closed, of rank 1. The two possible smoothings are given by
two rank 1 closed matching curves 1,2, which are obtained as before by applying the local
smoothing operation depicted in Figure 2. Their monodromy data are defined as follows. We
choose orientations for v,~" which specifies their monodromy data, denoted A, \’. We can
obtain either smoothing by partially tracing along v along its orientation. In the smoothing
of the crossing that traces along 4/ along its orientation, the monodromy datum is defined as
A+ ). For the other smoothing, the monodromy datum is defined as A - (A)~!. One readily
checks that the assignment is well defined, under compatible reversals of the orientations
and changes in monodromy data of the involved curves according to Definition 6.1.

Case 2: there is a directed boundary intersection from 7 to «’. In this case v and 7 must
be open.

We can compose vy with part of a boundary component of S\M and ' to a curve, which
we then smooth to a matching curve ;. This process is illustrated on the right in Figure 2.

To both types of intersection, Theorems 6.8 and 6.9 associate a direct summand of the
morphism object Moreg (M, M,/) and also Moreg (M., M./) in case of a crossing. Proposi-
tion 6.10 describes the cones of these morphisms in terms of the above smoothings.

is not stated in [Chr21]. Inspecting the proof of [Chr21, Thm. 5.5], see specifically Equation (38), one arrives at
the given description in this case.
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Figure 2: On the left: a crossing of two matching curves «,v (in blue) and the two possible
smoothings =1,y and v3,7v4. On the right: a directed boundary intersection of two matching
curves v,v" and the corresponding smoothed composite v;. The boundary of S is depicted in
green. Outside of the depicted parts of S, the matching curves continue identically.

Proposition 6.10. Let v,~' be two matching curves in S of rank 1.

(1) Suppose that v and ' are open and have a crossing. There exist fiber and cofiber
sequences in Cg

M., & My, — M, = M, My, ® M, — M, ﬁ) M,

with vy1,v2 and v3,v4 being the two possible smoothings of the crossing. The morphisms
«a and B describe any non-zero degree 0 elements of the direct summands k[tli] C
Moreg (M, M), k[tE] € Moreg (M., M) associated to the crossing in Theorem 6.8.

(2) Suppose that ' is closed and that 7,7 have a crossing. There exist fiber and cofiber
sequences in Cg

a B
M’Yl—>M'7_>M’Y/7 ]\4,),2—>Z\4,}//%]\4,}/7

with v1 and o being the two possible smoothings of the crossing. The morphisms
a and B describe any non-zero degree 0 elements of the direct summands k[tli] C
Moreg (M, M./), k[tF] € Moreg (M., M) associated to the crossing in Theorem 6.8.

(3) Suppose that there is a directed boundary intersection from ~ to ~'. There exist a fiber
and cofiber sequence in Cg
M, — M, = M.,

with 1 the smoothed composite of v,~'. The morphism o describes any non-zero degree
0 element of the direct summand k[t{] C Moreg(M.,, M,/) associated to the directed
boundary intersection in Theorem 6.8.

Proof. We will prove the assertion via a direct computation, using the descriptions of M., and
M., as coCartesian sections of the Grothendieck construction of ff"f:’rlSt. We first describe the
computation for part (1) and then describe how to adapt it for part (2). The computations
for part (3) are similar and left to the reader.

We first show part (1) in the case that 7,7’ are embedded arcs with a single crossing.
By Remark 6.7, the assertion does not depend on the choice of the trivalent spanning graph
T. We can choose T such that the crossings happens in a 4-gon in the corresponding ideal
triangulation where the curves 7,~' enter and exit through all four boundary edges. This
is achieved by considering the restrictions of the four curves 7y, ...,74 to the neighborhood
of the crossing, then extending them to four compatible arcs forming a 4-gon and finally
choosing an ideal triangulation containing these four arcs.
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The local model for perverse schobers in Section 3.2 implies that 3:8-1St is locally on the
4-gon equivalent to the following diagram

D(k[ty]) D(k[ty])
wf Cy
Fun(AL, D(k[tE])) Fun(A', D(k[t1]))
D(k[E)) D(k[t)) D(k[])

which describes a perverse schober parametrized by the ribbon graph with two 3-valent
vertices connected by an edge.

Inspecting their construction in [Chr21], we see that the global sections M, and M, are
locally at the 4-gon given by the following coCartesian sections:

. Gl
cof cof '
. /
M, = R[EE] S k[ K[ty] =0
evp evi e:/()/ evi
i T T
E[tE) co 0
wf . %’
M, = 0 K[t] KlE] 2 k1]
evo \ejl N ‘y \evj N
0 K[ty] Kty ]

Note that k[tI][1] ~ k[ti].
Limits in the oo-category of coCartesian sections are computed pointwise in Exit(T), as
follows from [Lur09, 5.1.2.3, 4.3.1.10]. The morphism M, — M, evaluates for instance

at the left vertex to the ’inclusion’ (0 — k[ti]) — (k[ti] i, k[tE]) in Fun(AY, D(k[tE]))
and at the right vertex to the "projection’ (k[t{] i, E[tE]) — (k[tE] — 0), with respective
fibers (k[tF][-1] — 0) ~ (k[t¥] — 0) and (0 — k[t{]). In total, the fiber of the morphism

M., — M, is locally on the 4-gon given by the coCartesian section

k[t] k[t7]
NG coL
fib(M,, — M,) = k[t 0 — k[t7]

—0
ti}eVO/ oS OCV \e“k
1

and is away from the 4-gon identical to M., & M,[—1]. We thus see that fib(M,, — M) ~
M., ® M,, with ~3,v4 as depicted in Figure 2.

The morphism M, — M, evaluates trivially at all objects of Exit(T) but is nevertheless
non-trivial, with the non-triviality encoded in two null-homotopies of the evaluation of the
morphism at middle edge, see case 2) in the section on crossings in [Chr21, Section 5.2]. The
fiber is the coCartesian section that is locally given as

k[ [t7]

K] k]
cof
(id,0) (id,0)
B S0, k(] @ k) Bk @ k1] 49, k]
evp evy €evo
KlEE] K] @ Kt T KirE]



which again matches M., ® M.,,. To illustrate why the above describes the fiber, we can use
that the oo-category of coCartesian sections as depicted is equivalent to

Fun(A2, D(k[tF]) ~ Fun(AY, D(k[t]) X ) Fun(AL D(k[t]).

Under this equivalence, the fiber and cofiber sequence M./ [—1] — fib(M, — M.,/) — M,
where M./ [—1] ~ M./, amounts to the apparent fiber and cofiber sequence

(0 = k[tF] 25 k[tF]) — (k[EF]) 2D k[tE) S k[E) (0 — E[E] — 0) = (k[tF] S k[tF] — 0).

The above computation generalizes as follows to the case that v, are not arcs and are
allowed multiple crossings. Before and after the crossing, v,7’ are composed of a collection
of common segments (in the above case this collection is empty). The segments before and
after the crossing then differ and are arranged as in the above case. See also the discussion of
crossings in [Chr21, Section 5.2]. One of the two crossing morphisms restricts to the identity
on the parts of the global sections arising from the segments, whereas the other morphism
vanishes. The fiber is then computed as above, on the part of the global sections arising
from the involved segments, with the difference that the diagrams involve equivalent middle
parts arising from the common segments at the crossing.

Since the computation for part (1) is local in nature, it also applies to part (2). The only
thing left to verify is that the given monodromy data of the smoothings correctly describe
the fibers. This follows from unraveling the description of monodromy data given in case 2)
of part 1) of the proof of Theorem 6.13 below: the monodromy datum of the smoothing is
obtained from tracing a choice of basis of the stalk value along the functors defining 9’:}1“, as
well as their adjoints. Locally at the crossing, these identifications can be chosen trivially (as
seen in the above local model). The changes in basis of the two curves v, is thus composed
when tracing along the smoothings. Since by assumption the ranks are 1, the basis has a
single element and we simply multiply the monodromy data. O

Remark 6.11. Parts (1) and (2) of Proposition 6.10 match the ¢ = 1 Kauffman skein
relations, or for arcs equivalently the Ptolemy cluster exchange relations, see Definitions 7.7
and 7.10.

6.4 Review of the gluing construction of global sections

Before we state and prove the geometrization Theorem in Section 6.5, we recall the construc-
tion of the global sections from matching curves in [Chr21].

Definition 6.12. Let v be a vertex of 7. A segment at v is an embedded curve 6: [0,1] — S
lying in a contractible neighborhood of v whose endpoints lie on two distinct edges of T
incident to v (but not on v).

We consider segments at a vertex v of T as equivalence classes under homotopies A: [0, 1]> —
S, which satisfy that A(¢) is a segment at v for all ¢ € [0,1]. A segment in S is a segment at
any vertex v of 7.

It is straightforward to see that every matching curve in S arises in a unique way by
composing finitely many segments in S, such that whenever two segments are composed,
they lie at distinct vertices of T.

To each segment 0 at a vertex v of T, there is an associated lax section Ms € L£(T, 3"%1“)
in the sense of Definition 3.9. Such a lax section M can be identified with the data of

o for each object x € Exit(T) an object M(x) in the stable co-category F5(z) and

o for each morphism z — y in Exit(T) a morphism F$(z — y)(M(z)) — M(y) in
Fgst(y). If all these morphisms are equivalences (hence describe coCartesian mor-
phisms), the lax section is a global section.

The lax section My associated to the segment ¢ is a left Kan extension relative the Grothendieck
construction p: T'(F5s*) — Exit(T) along the inclusion {v} — Exit(T) of M;s(v) € F$(v).
In particular, this lax section is fully determined by its value Mj(v) at v € Exit(7). Spelling
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Figure 3: One of the three possible segments (in blue) at a vertex of 7.

out the Kan extension, one finds that for each edge e incident to v, Ms(e) is equivalent to
the image of M;s(v) under the functor F$5t (v — €). Further, if z € Exit(T) is neither v not
an edge incident to v, then M;s(z) vanishes.
Let v be a vertex of 7. There are three indecomposable objects in F¢¢(v) ~ Fun(A', D(k[t{])),
given as follows:

(0 kltF]) , (KIE) = REET)  (KIE] = 0)

These three objects describe the values of the three lax sections associated to the three
possible segments at v. Let eq,es, e3 be the three edges incident to v. Each of the above
objects satisfies that applying H’%ISt(v — e;) yields k:[tli] in two cases and 0 in one case. We
choose the value M;(v) so that the set of edges of T where Mj evaluates nontrivially as k[ti]
consists exactly of the two edges at which § begins and ends.

To produce a global section associated to a matching curve v, we glue the lax sections
associated to the segments of . In the simplest case of gluing sections from two segments,
this goes as follows. Let e be an edge of T with incident vertices v,v’ and let § and ¢’ be
two segments at v, respectively v’, which end at e. We have M;(e) ~ Mg (e) ~ k[t{]. Define
Z. € L(T, T via Z,(v) = 0 if z # e and Z.(e) = k[ti]. There are apparent pointwise
inclusions of Z, into My and Mg/, which restrict at e to the identity on k[tli] The gluing of
Ms and My is now defined as the pushout in £(7T, 3"(“}1“) of the following diagram.

Ze
/ \ (12)
M Ms:

More generally, given any curve n composed of segments, we can glue a section M, €
L(T,FgY) by repeatedly taking pushouts as above. If n is an open matching curve, the
section M, is even a global sections, i.e. lies in (T, FGY) C L(T, FGst).

Consider finally a closed matching curve = of rank a with monodromy datum A\ € k*.
Let #x: k[t]®® ~ k[t£]®* be the a x a-Jordan block with eigenvalue A\. We cut v at
any edge of T into an open curve n which is composed of segments. The global section
M, € H(T,FsY) € L(T,FS*) is obtained as the coequalizer of

Ga
L1
zZda ®a:§_1M,§9a (13)
vy 0 2y

in £(7T, 3"%1“). Here, ¢1, 12 are two pointwise inclusions of Z. into M, at e arising from the two
ends of 1 at e. In the way we state this definition, making different choices of Kan extensions
in the construction of M,, changes the section M,. One can show that the difference between
the M.,’s associated to two possible choices is the same as multiplying the monodromy datum
A of v by a non-zero factor. One can solve this by fixing choices of these Kan extensions.
Alternatively, the proof of the geometrization Theorem 6.13 also shows how to extract a
unique monodromy datum from a global section of the form M, .

We note that we have defined matching curves as certain curves considered up to reversal
of orientation. If v is an open matching curve, it is easy to see that the global section M,
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does not depend on the orientation of «. If v is a closed matching curve, changing the
orientation of v in the construction of M., interchanges the two maps in (13). Hence, to
obtain the same global section, we need to replace the monodromy datum by its inverse and
use that the Jordan normal form of _# ;1 is a single Jordan block with eigenvalue A~! .

6.5 The geometrization Theorem

The main result of this section is to prove the following Theorem, stating that all compact
objects in Cg are geometric, meaning that they arise as direct sums of object associated with
matching curves.

Theorem 6.13 (The geometrization Theorem). Let X € Cg be a compact object. Then
there exists a unique finite family {v;};ecs of matching curves in S satisfying that there is an

equivalence in Cg
X~PMm,, .
jeJ
Corollary 6.14. The full subcategory €§ C Cg of compact objects is Krull-Schmidt, meaning
that every objects splits into a direct sum of objects with local endomorphism rings.

Proof of Corollary 6.14. As shown in the proof of Theorem 6.13, every compact object X
of Cg splits as the direct sum X =~ @wel M., with J a set of matching curves. The
endomorphism rings of these objects are local by Proposition 6.6. O

The proof of the geometrization Theorem makes use of the gluing description of global
sections arising from matching curves and the description of global sections in terms of
coCartesian sections of the Grothendieck construction. Given a compact object X of Cg,
considered as a global section of 3"%1“, we can evaluate it at any edge e of the ribbon graph
T. If the value is non-zero we can choose a direct sum decomposition of this value with a
non-zero direct summand. Let v be a vertex incident to e. As we show in Construction 6.15,
we can almost find a lift along the functor F¢ (v — e) of the direct sum decomposition at
e to a direct sum decomposition of the value of X to v. This then give rise to direct sum
decompositions at further edges incident to v. Proceeding this way, we choose repeated direct
sum decompositions of the values of X at all vertices and edges of T. We then observe that
we can further tweak the chosen direct sum decompositions so that they are all compatible
and thus glue to a global section, which is a non-zero direct summand of X. The summand
of X so constructed is obtained from gluing lax sections associated to segments and hence
geometric, i.e. arises from a matching curve. Repeating this argument, we find a splitting of
X into geometric direct summands. The uniqueness of the family J in the geometrization
Theorem is proven separately.

Construction 6.15. Let S be the 3-gon and e an edge of a trivalent spanning graph 7 of
S. Let X € C§ and let ev.(X) ¥~ B& A@ B’ with A # 0. We construct two direct sum
decompositions X ~ Z@Y @ Z' and X ~ Z®Y @ Z', called the counterclockwise and
clockwise splittings. These satisfy that the arising equivalences

eve(Z)Beve(Y)deve(Z)~Ba A B

eve(Z) ®eve(Y)Dev(Z)~Ba® Ad B

are lower triangular with invertible diagonals.

The cosingularity category Cg of S is equivalent to the functor category Fun(A', D(k[t])),
whose objects are diagrams x — y with z,y € @(k[tli]) In the following, we set Cg =
Fun(A', D(k[t])). The functor ev.: Cs — D(k[t{]) can be chosen to evaluate a functor
Al — D(k[t{]) at its value at 1 € A! (recall that A has the vertices 0,1). There are three
indecomposable objects in Cg, corresponding to the three boundary arcs in S (there are no
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further matching curves in S). Explicitly, these objects can be described as follows.
My = (0= k[ty))
My = (K[tE] = ki)
Ms = (k[ty] — 0)

The homotopy category of D(k[t]) is equivalent to the abelian 1-category of k-vector spaces,
see Lemma 2.11. We thus treat objects in D(k[t{]) as vector spaces in the following.

All compact objects in D(k[tT]) are a finite direct sums of copies of k[tf]. Using that
every morphism in D(k[tli]) splits, we may assume that the object X € Cg is equivalent to
an object of the form

kI @ k[P D k[E)®0 @ K[

id ; 0 ) .
with 4 = <1 ’“[toli]e” O> and i,7,1 > 0. We thus have ev.(X) = k[t{]® @ k[t{]® and a

splitting ' ' '
X ~ (K[tF]% — 0) @ (k[t7]% — k[tF)% @ k[t7]97) .

We denote the first summand by O and the second by U. Note that ev.(O) = 0.

Let C = (B ® A) Nk[t¥]®/. We define V as the diagram C — B @ A in D(k[tF]). Tt
is easy to see that the apparent morphism V — U in Cg admits a retraction. We can thus
choose a splitting U ~ V & Q’. By construction, we have ev.(V) = B @ A. Next, we define
D = BN E[tE]®I. Then we again obtain a direct summand Q = (D — B) < V. We choose
a direct sum complement V ~ Q ®Y. We have ev.(Q) ®eve(Y) @ ev.(Q) ~Bd A® B’
and this equivalence is lower triangular with invertible diagonals.

Weset Z=Q, 2 =Q @O and Z=Q & O, Z' = Q. This gives the desired splittings
X~ZoY®Z andX~ZaY @ Z.

Lemma 6.16. Consider the setup of Construction 6.15 and the counterclockwise and clock-
wise splittings y .
X~ZeY®Z and X~ZOY®Z.

Denote by ey the edge of T following the edge e in the counterclockwise direction and by es
the edge of T following the edge e in the clockwise direction.

(1) Suppose that Y ~ My. Then any autoequivalence ¢ of eve, (Z) ® eve, (V) B eve, (Z')
given by a lower triangular matriz lifts to an autoequivalence of Z ®Y ® Z' given by a
lower triangular matriz.

(2) Suppose that Y ~ My. Any autoequivalence ¢ of eve,(Z) © eve,(Y) @ eve,(Z') given
by a lower triangular matriz lifts to an autoequivalence of Z ®Y & Z' given by a lower
triangular matriz.

Proof. We only prove part (1), part (2) is analogous. By construction, we can find splittings
Z~@;, Mio@; Mz and Z' =~ B, M1 © D,, M> & P, M3. We have ev,, (M) =~ 0 and

eve, (M3) >~ eve, (My) =~ k[t{]. We further find Moreg (M., M,) SN MorD(k[tli])(k[tf], E[tE))
to be an equivalence for xt =y =1, for x =3 and y = 1 or for x = y = 3. It is thus clear
that we can find a unique lift of ¢, which restricts to the identity on I3 My® P N My, O

By Lemma 6.16, the clockwise and counterclockwise splitting have the advantage that
we can lift certain autoequivalences of their values at an edge to autoequivalences of the
splitting. We use these autoequivalences to tweak the choices of local splittings in the proof
of the geometrization Theorem 6.13, by replacing some splittings with their image under such
an autoequivalence. After the necessary tweaks, we are able to glue the arising two-term
splittings Y @ (Z@® Z')~ X or Y @ (Z ® Z') ~ X to a splitting of global sections.

37



Proof of Theorem 6.13, part 1: existence of the decomposition. Given an edge e of T and
X € Cg, we denote by ev.(X) € F&¢(e) =~ D(k[tF]) the value of the coCartesian section
X at e. We note that the functor ev, preserves compact objects, since it admits a colimit
preserving right adjoint by [Chr25a, Lem. 4.3, Lem. 4.9, Prop. 4.23]. Thus ev.(X) lies in
D(k[tE])Pef, meaning it is free of finite rank, using that ho D(k[tT]) ~ Vecty, is semi-simple.

Similarly, given a vertex v of T, we denote by res,(X) the restriction of the coCartesian
section X to v and its three incident edges. The object res,(X) can be considered as an
object in Cs,, with S, a 3-gon. Note also that Cg, ~ F$(v), with the equivalence given
by evaluation at v. We show that if X # 0, then there is a splitting X ~ M, & T for a
matching datum (v, k[t]). By a descending induction on the total rank of Decyeve(X),
the existence of the desired decomposition then follows.

Let 0 # X € Cg be compact. Let eg be an external edge of T with ev,,(X) # 0. If such
an external edge does not exist, choose ey instead to be an internal edge with ev,,(X) # 0.
Choose any direct sum decomposition By & Ao @ Bjy ~ ev,, (X) with Ag ~ k[t{]. Let v; be
a trivalent vertex incident to eq.

With this starting data, we iteratively make choices of edges e; with incident vertices v;
and v;41 and find splittings B; ® A; @ B} ~ ev,,(X) and T; & S; @ T} ~ res,, (X) as follows.

Suppose the data for i has been chosen. Let v;41 # v; be the other vertex incident to
e;. The summand S; := Y appearing in both the clockwise and counterclockwise splittings
of res,, , (X) is of the form Y ~ Ms, with ¢ a segment starting at the edge e; and ending at
another edge, called e;11. If e;11 follows e; in the clockwise direction, we use the clockwise
splitting from Construction 6.15 arising from B; @& A; @ B, to obtain a splitting T; 41 @®
Sit1 ®© Tj,, of res,,,, (X). If ;41 instead follows e; in the counterclockwise direction, we
instead use the counterclockwise splitting. By Construction 6.15, we have an equivalence
¢: eve, (Tiv1) ® eve, (Siv1) ® eve, (Ti41) ~ eve,(X) ~ B; & A; ® Bj which is given by a
lower triangular matrix with invertible diagonal. By Lemma 6.16, we can find compatible
autoequivalences of T; ® S; @© ij forall1 < j <i—1andof B;®A; ® Bg- for all 0 <
j < i —1, such that the composite at B; & A; @& B} with ¢ is a diagonal matrix. We
redefine all S;, 7}, T 7’ ,Aj, By, B‘; by their images under these autoequivalences. We then set
Ai+1 =CVe,y (Si+1) and Bi+1 = €Ve,y (Ti+1>7 Bz/‘-i-l = Ve (Tzl—i-l)

We proceed with making these choices, until we come to a stop in one the following cases
below. If eq is external, we always come to a stop in the following case, as otherwise one can
find a contradiction to X being a coCartesian section.

Case 1) We have started at an external edge ey and arrive at an external edge ey with
N > 1.

In this case, the S;’s, with 1 < i < N, glue to a global section S C X, satisfying res, (S) =
@UJ:U S;. Similarly, there is a global section T' C X satisfying res,(T') = ﬂUJ:v T; @ T} if
there is at least one 1 < j < N with v; = v and res,(T') = res,(X) if there are no j with
v; = v. The arising map S @ T — X restricts pointwise to an equivalence, and is hence also
an equivalence of global sections. At each vertex v;, we have by construction S; ~ Ms, for a
segment J; at v;. We compose these segments to an open pure matching curve v. We find
that S ~ M, is geometric. This gives the desired splitting X ~ M, © T

Suppose now that we did not stop in case 1). We may then assume that ev,(X) ~ 0 for
all external edges e.

Case 2) There is a non-empty set J C {0,..., N —1}, such that ey =e¢; forall j € J and
An C (Aj)jes lies in the submodule of ev,, (X) generated by the A;’s. Note that in this case
J contains the element 0, as otherwise we again get a contradiction to X being coCartesian.
We obtain a direct summand S C X with complement 7', satisfying res, (S) = @, -, j<n S5j
and res,(T) = T; © Tj or res,(T) = res,(X) if there are no j < N, such that
v; = .

Again, at each vertex v; we have by construction S; ~ M;, for a segment ¢§; at v;. We
compose these segments to a closed curve . If v is given by the composite of a identical
closed curves 7/, we have that the number N of segments of ~y is a multiple of a and e; =
eitjn/a for 1 < j < a—1and 0 < i < N/a. We relabel A; = Boc;, 1 Aitjn/a and
Si = @o<jca—1 Sitjnya for 0 < i < N/a. We have chosen 7' so that it is not again given

vj=v, j<N
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by the composite of multiple identical closed curves. To extend 7’ to a matching datum, we
need to specify a rank and a monodromy datum.

We choose an ordered basis Uy of Ag = eve,(S1) € D(k[tF]) with cardinality a. Consider
the basis U of res,, (S1) which is mapped under S;(v1 — eg) to the chosen basis Uy. The
image of U] under S1(v; — e1) defines an ordered basis Uy of A;. From this, we again find a
basis Uj, of res,,(S2). Proceeding in this way, performing these steps N/a times, we obtain
a second ordered basis Uy, of Ay/q = Ag. Consider the Jordan normal form of the linear
map, which maps Uy, to Up. For each Jordan b x b-block with eigenvalue A # 0, we can
equip v with rank b and monodromy datum A. With these choices of monodromy data, we
finally have S ~ @, ks M+, Where the sum runs over the Jordan blocks. We thus have the
desired splitting X ~ @, s My @ T, concluding the proof. O

Proof of Theorem 6.13, part 2: uniqueness of decomposition. Part 1 of the proof of Theo-
rem 6.13 and the proof of Corollary 6.14 show that Cg is Krull-Schmidt, or equivalently the
homotopy 1-category ho Cg is Krull-Schmidt. The essential uniqueness of a decomposition
into indecomposables in a Krull-Schmidt category is shown in [Kral5, Theorem 4.2]. It thus
suffices to show that for two matching curves ,~’, we have M, ~ M, if and only if v ~ ~'.
The implication that v ~ ~" implies M, ~ M, is straightforward. We thus suppose that
M, ~ M, and show y ~ +/. It is also straightforward to see that M., ~ M, implies that
and +' are either both open or both closed.

Let us suppose that 7,7" are both open. Then there exists an external edge e with
0 # evg(M,) ~ evo(M, ), and so both curves must have an endpoint near e. We first
suppose that both curves have a single endpoint near e and consider the case that they
each have two at the end. Starting near e, the curves v,+' are composed of segments
01, 0m and &f,...,8,,. Since m+ 1 = k@ ;cq, evp(M,) € DP(k[ty]) and m/ + 1 =
tk@ g, evy(M,) € Drerf(k[t]), we must have m = m’. Supposing that v ¢ 4/, there
exists a smallest index 7 € [1,m], such that §; # J;. Swapping ~,~" if necessary, we can
assume that there is a directed boundary intersection from d; to d; in the marked triangle
containing these. Stated differently, the means that v turns right, whereas +' turns lefts at
the i-th segment. In this case, there is thus a directed boundary intersection from 7 to " at
e but not from 4’ to . Using Theorem 6.8, this means that there is a morphism M., — M./
which induces an equivalence under ev, but there is no morphism M, — M, with this
property. This is a contradiction to M, ~ M.,. Thus v =+".

Suppose next that both endpoints of v and 7’ lie near e and suppose that v % ~'.
We can order the four ends of v,+" by the order in which their endpoints induce endpoint
intersections: how to order two endpoints of two distinct curves starting at e was explained
in the previous paragraph. One considers the first pair of segments that differ and the first
curve in the order is the curve that turns right in the triangle, whereas the second turns
left. For there to be an equal number of directed boundary intersections from v to 7/, there
must be one end of v that precedes both ends of ' in the order and one end of ' that
follows both ends of 4’ in the order (or vice versa, swapping v and «'). But this means that
no morphism M, — M., can induce an equivalence under ev,, since any directed boundary

intersection from  to 4 induces a morphism ev, (M) =~ k[t{]®? (9.9 k[tE] (@b E[tE)®2 ~
eve(M,/), where the parameters a,b correspond to the two endpoint intersections. We note
that morphisms not arising from boundary intersections at e evaluate trivially under eve.
Since M., ~ M., this equivalence induces an equivalence under ev,, which is a contradiction.
Thus v ~ ', concluding the argument in the case that ,~’ are open.

If v and + are closed, we distinguish the cases that the matching curves underlying ~
and +" are identical (up to reversal of orientation) or not. If they are identical, then the rank
of v and +/ must agree since the rank of @, g, eve(M,) € DP(k)) equals the number of
segments of v multiplied with the rank of v. In this case, we have rk Moreg (M., M) =
rk Moreg (M., M) — 2a, see Theorem 6.8. It follows that M., M, must also be distinct.
The second case is that v % v'. We choose an internal edge e of T with ev.(M,) % 0 and
one of its two half edges h. We can cut v or 7/ at e at any single segment of theirs starting
at e. The result is each an open curve composed of segments, going in the direction of the
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chosen halfedge. We can order the endpoints of these curves at e going in the direction of h
as explained in the previous paragraphs. We consider the open curve composed of segments
7 that is maximal in this order. Swapping 7,~’ if necessary, we can assume that 7 arose from
cutting open . To 1 we can associate a lax section M, of 9’1}1“, see [Chr21, Constr. 4.13].
By [Chr21, Constr. 4.14], there is a morphism of lax sections M,, — M, which extends to
a coequalizer diagram. It has the property that it evaluates at e on the direct summands
corresponding to the two endpoints of 7 to the morphism (idk[tli]%, Jh: k[tli]éwa N k[tli]®“
with J the Jordan matrix corresponding to the monodromy datum g. The morphism object
Moreg (M,), M) is described in [Chr2l, Rem. 5.12]. It roughly speaking consists of the
usual intersections, together with directed intersections (which behave similar to boundary
intersections) starting at e. Since 1 was chosen maximally, there are no directed intersection
from M, to M, at e. But this implies that the morphism M, — M, ~ M, from the
coequalizer diagram cannot exist, which is a contradiction. O

7 The categorification of cluster algebras with coeffi-
cients

For the entire section, we fix a marked surface S. We will further assume that the base field
k is algebraically closed and satisfies char(k) # 2.

We begin in the Sections 7.1 and 7.2 by recalling the definitions of the cluster algebra and
of the commutative skein algebra associated with S. In Section 7.3, we show that the cluster
tilting objects in the exact co-/extriangulated cosingularity category Cg are in bijection with
the clusters of this cluster algebra. We also describe the endomorphism algebras of the rela-
tive cluster tilting objects in Cg in terms of gentle algebras and discuss two simple examples.
In Section 7.4, we describe a cluster character on Cg with values in the commutative skein
algebra.

7.1 Cluster algebras of marked surfaces

In the following we recall the definition of the cluster algebra associated to S with coeflicients
in the boundary arcs. These cluster algebras also have an alternative description via coordi-
nates on the decorated Teichmiiller space of the surface, called lambda lengths. These cluster
algebras were studied in detail in Fomin-Thurston’s beautiful paper [FT18] and correspond
to the SLa-case in the work of Fock-Goncharov [FGOG].

For the conventions on cluster algebras, we follow [FWZ16, Chapter 3].

Definition 7.1. Let .% = Q(yll <+« Ymy+m,) be the field of rational functions in my + mo
variables. A (labeled) seed (x,M) in .# consists of

e an my + mao-tuple x = (21,...,Tm,+m,) in .F forming a free generating set of % and
e an (mj+ms) X mi-matrix M, such that the upper m x m;-matrix is skew-symmetric®.

The tuple x is called a cluster and the elements z1, ..., Zm, +m, are called cluster variables.
The elements Xy, 41, - - -, Tm,+m, are also called the frozen cluster variables. The matrix M
is called the extended mutation matrix.

Definition 7.2. Let (x, ]\Zf) be a seed and I € {1,...,m1}. The seed mutation at [ is given
by the seed (x', 1 (M)) with
—M; ifi=1lorj=1
~ Mi’j + Mi,lMl,j if Mi,l > 0 and Mlyj >0
o m(Mij=1 T AL i A -
ij i1V if Mi,l < 0 and Ml’j <0

M; ; else.

5More generally, one can also consider skew-symmetrizable matrices, see [FWZ16, Definition 3.1.1].
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o X' = (@1,...,%1-1, T}, T141, - - -y Tmy+m, ), Where x} is determined by the cluster ex-

change relation
/ _ N{j,l H _Mj,l
vm= [ =7+ Ty
j with M; ;>0 j with M ;<0

Definition 7.3. Let (x, M) be a seed.

¢ The associated cluster algebra CA C ¥ is the Q-subalgebra of .7 generated by all
cluster variables in all seeds obtained from (x, M) via iterated seed mutation.

e The associated upper cluster algebra UCA C .% is the Q-subalgebra consisting of those
elements which, for every cluster of CA, are Laurent polynomials in the cluster variables
of that cluster.

Remark 7.4. The cluster algebra or upper cluster algebra associated to a seed only depends
on the extended mutation matrix, up to isomorphism of Q-algebras. We can thus speak of
the cluster algebra or upper cluster algebra associated to an extended mutation matrix.

We proceed in Definition 7.5 with associating an extended mutation matrix to a choice
of ideal triangulation I of S in the sense of Definition 6.5. Choosing a different ideal trian-
gulation changes the extended mutation matrix by matrix mutations.

Definition 7.5 ([FSTO08, Definition 4.1], [FT18]). Let I be an ideal triangulation of S with
my interior arcs, labeled arbitrarily as 1,...,my, and ms boundary arcs, labeled arbitrarily
asmy+1,...,m; + ms.

The extended signed adjacency matrix MI = ZA Mp of I is the (m1 + mg) X mi-matrix
given by the sum over all ideal triangles A of I of the (my + m2) X mq-matrices defined by

1 if A has sides ¢ and j with 4 following j in the counterclockwise direction,
(Ma)i; =< —1 if A has sides 4 and j with 7 following j in the clockwise direction,

0 else.

The upper m; X m;-matrix of M; is skew-symmetric and called the signed adjacency matrix.

Definition 7.6. e Let S be an oriented marked surface with an ideal triangulation I.
We define CAg to be the cluster algebra associated to the extended mutation matrix
given by the extended signed adjacency matrix M; of I. Similarly, UCAg is defined as
the associated upper cluster algebra.

« We define the algebra CAg® as the localization of CAg at the frozen cluster variables
Tny41s -« - Lmy+ma, Where my is the number of interior arcs in I and meg is the number
of boundary arcs in I.

Definition 7.7. Let 7,7’ be two arcs in S. Suppose that v,~" have a crossing as in Figure 2.
Then the Ptolemy relation is defined as v -+ =~1 - 72 + 73 - V4.

Theorem 7.8. The cluster variables of CAg are canonically in bijection with the arcs in S.
A set of cluster variables of CAg forms a cluster if and only if the corresponding arcs form
an ideal triangulation of S. The cluster exchange relations are the Ptolemy relations.

Proof. This is [FT18, Theorem 8.6] specialized to the case that S has no punctures. O

7.2 Commutative skein algebras

We proceed with defining the commutative ¢ = 1 skein algebra Skl(S) of links in S. As
shown in [Mull6], this algebra embeds into the upper cluster algebra UCAg.

Definition 7.9. A link is a homotopy class relative 9S\M of continuous maps v: U —
S\M, with U a finite disjoint union of [0,1]’s and S'’s, satisfying properties 1. and 2. from
Definition 6.1. We consider links up to reversal of orientation. We refer to the curves with
domain U = [0,1],S* constituting a link as its components. There is an empty link with
U = 0. We denote by Z(S) the set of all links in S.
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The Q-vector space Q*(S) inherits the structure of a commutative Q-algebra, by defining
the product of two links to be the union of the two links and extending this product Q-
bilinearly.

Definition 7.10. We define the ¢ = 1 skein algebra Skl(S) as the quotient of the Q-algebra
Q*®®) by the ideal generated by the following elements.

1) The ¢ = 1 Kauffman skein relation.

3) Any component with domain [0, 1] which is homotopic relative endpoints to a subset
of 0S\M.

The relations in 1) and 2) are understood to describe local relations inside a small disc
(indicated by the dotted circle) in S, applicable to any subset of components of a link. The
depicted curves are identical outside the small disc.

Remark 7.11. The ¢ = 1 Kauffman skein relation recover the cluster exchange relations
given by the Ptolemy relation, see Definition 7.7.

We remark that Definition 7.10 is equivalent to the definition of the g-skein algebra given
by Muller in [Mull6], with ¢ set to 1, as can be seen by using Remarks 3.4 and 3.6 in [Mull6].

Definition 7.12. We define the localized ¢ = 1 skein algebra Sk''°°(S) as the localization
of Sk'(8) at the set of boundary arcs.

Theorem 7.13 ([Mull6]). There exist injective morphisms of Q-algebras
CAL® — SkM1°°(S) — UCAg . (14)

If S additionally has at least two marked points, then the maps in (14) are equivalences of
Q-algebras.

7.3 Classification of cluster tilting objects

We choose a trivalent spanning graph T of S. Consider the perverse schober ’J"STISt from
Lemma 4.3 with its k[t;t]—linear smooth and proper co-category of global sections equivalent
to the cosingularity category Cs. We let G be the right adjoint of the adjunction

F = 9Fsst. H Ft(e) +— Cg :G = H eve
eeT? e€T?
from Definition 3.11. Since char(k) # 2, the functor G' admits a 2-Calabi-Yau structure, see
Theorem 4.17 and the adjunction F' 4 G is spherical by Theorem 3.13. By Section 5.3, we

obtain a Frobenius, 2-Calabi-Yau extriangulated category (ho Cg, Extle’scy,s) arising from of
a Frobenius exact oco-structure on C.

Theorem 7.14. Let k be an algebraically closed field with char(k) # 2.
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i) Let v be a matching curve in S. Then M, is rigid in (ho @g,ExtéfY,s) if and only if
Y @5 an arc.

it) Consider a collection I of distinct arcs in S. Then 69’761 M., is a cluster tilting object
in (ho G"S,Extle’SCY,s) if and only if I is an ideal triangulation of S.

We prove Theorem 7.14 further below.
Corollary 7.15. There are canonical bijections between the sets of the following objects.

o Clusters of the cluster algebra with coefficients CAg of S.

e Ideal triangulations of S.

o Cluster tilting objects in (ho Gg,Exté’SCY,s) up to equivalence.
Proof. Combining the geometrization Theorem 6.13 and Theorem 7.14, we obtain that there
is a bijection between the sets of equivalence classes of cluster tilting objects and ideal

triangulations of S. The bijection between clusters and ideal triangulation is Theorem 7.8.
O

Lemma 7.16. (1) Letv,v' be two distinct matching curves in S. Then
cY
Morgg (M, M) C Moreg (M, M)
consists of those direct summands identified in Theorem 6.8 which correspond to cross-
ings of v and +'.
(2) Let vy be an open matching curve in S. Then

Morg) (M., M,) C Moreg (M., M,)

consists of those direct summands identified in Theorem 6.9 which corresponding to
self-crossings.

(3) Let v be a closed matching curve in S. Then
Morg) (M., M,) = Moreg (M, M,).

Proof. Inspecting the construction of the direct summands of Moreg (M., M.,/) corresponding
to the different types of intersections in [Chr21], one finds the following.

e Boundary intersections give rise to morphisms which evaluate non-trivially at an ex-
ternal edge of T, i.e. do not get mapped by G to zero.

e Crossings give rise to morphisms which restrict to zero on all external edges of T and
thus define direct summands lying in Morg;{(MAY7 M.,).

o If 7 is open, then the direct summand k[tF] C Moreg (M., M,) does not evaluate to
zero under G.

o If v is closed, then G(M,) ~ 0 and hence Morgz(Mn,, M,) = Moreg (M, M,).
This shows the Lemma. O

Proof of Theorem 7.14. We begin with part i). If v is a closed matching curve, then M, is not
rigid because there is always a direct summand k[t{] C 1\/[01rg;((MAY7 M,) = Moreg (M, M,).
We thus assume that v is open. Theorem 6.9 and Lemma 7.16 imply that M, is rigid if and
only if v has no self crossings, meaning that - is an arc, showing part 1).

Using Theorem 6.8 and Lemma 7.16, we find that given two arcs 7,7’, we have an
isomorphism Exté’SCY(MA,, M,) ~ 0 if and only if v and ~" are compatible in the sense of
Definition 6.5. By part i) and the maximality of an ideal triangulation, we find that any basic,
maximal rigid object is of the form 6976 ; M., for an ideal triangulation I and conversely any
ideal triangulation I gives rise to such a basic, maximal rigid object. Since any cluster tilting
object is basic and maximal rigid, it remains to verify that

Extgs " (6D My, My) #0 (15)
yel
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for I an ideal triangulation and v’ ¢ I a matching curve.

Let thus I be an ideal triangulation. Then I decomposes S into triangles with edges the
arcs in I. If a matchmg curve ' crosses an edge of one of these triangles, we find a direct
summand k[t{] € Morg (M M,), showing (15). If 4" does not cross any arcs in I, then
~' is contained in an 1dea1 trlangle and hence already in I. We thus obtain that (15) holds

for all " ¢ I, showing that P, M, is cluster tilting. O

Recall that given a trivalent spanning graph 7 of S, we denote the associated relative
Ginzburg algebra by %.

Proposition 7.17. Consider an ideal triangulation I of S with dual trivalent spanning graph
T and let X = @'yel M., be the associated cluster tilting object.

(1) The Jacobian algebra f5 = Ho(%y) is a gentle algebra.

(2) There exists an isomorphism of dg-algebras (with vanishing differentials)
H. Moreg (X, X) ~ Hy(%r) @ k[t] .
In particular, the discrete endomorphism algebra Ext%s (X, X) of X is a gentle algebra.

Proof. Part (1) is observed in [Chr21, Section 5.5]. Part (2) follows from Theorems 6.8
and 6.9 as in the proof of [Chr21, Prop. 5.18]. O

Remark 7.18. The marked surface associated to the Jacobian gentle algebra Ho (%) (in
the sense of [OPS18, Def 1.10]) is given by the complement in S of the set of vertices of the
trivalent spanning graph T. This gentle algebra is finite dimensional but not smooth.

The Jacobian gentle algebra of the 4-gon is described in Example 1. Another example is
as follows:

Example 7.19. Consider the annulus S with a marked point on each boundary component
and an ideal triangulation depicted as follows.

The Jacobian gentle algebra is given by the quotient of the path algebra of the quiver

by the ideal (ba, cb, ac,b'a’, ', a’c’). This is a relative version of the Kronecker quiver. While
the mapping class group of the 4-gon in Example 1 is trivial, the mapping class group of the
annulus S is given by Z. The generator 1 € Z corresponds to a diffeomorphism rotating one
boundary circle by one full rotation and fixing the other boundary circle. Under the action
of an element a of the mapping class group, an object M, € Cg is mapped to Mqo-
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7.4 A cluster character on Cg

We begin with the notion of a cluster character on an extriangulated category, generalizing
the notion of a cluster character of [Pal0g].

Definition 7.20. Let (C,E,s) be a k-linear extriangulated category. We denote by obj(C)
the set of equivalence classes of objects in C. A cluster character x on C' with values in a
commutative ring R is a map
x: obj(C) = R

such that for all X,Y € € the following holds.

e x(X)=x¥)if X ~Y.

« X(XBY) =x(X)x(Y).

o X(X)x(Y) =x(B)+ x(B') if dim; E(X,Y) = dim; E(Y, X) =1 and B, B’ € C are the

middle terms of the corresponding non-split extensions of X by Y and Y by X.

The last property is called the cluster multiplication formula.

Given a matching curve v in S, we consider the underlying curve as a link in S with a
single component, denoted (7).

Theorem 7.21. Let k be an algebraically closed field with char(k) # 2. Consider the map
x: obj(ho @) — Skg
determined by
« X(A)=x(B) f A~ B
« x(A® B) = x(A)x(B)
o X(M,) =1(v) for any matching curve 7y in S.
Then x is a cluster character on (ho Gg,Extle’SCY,s).
Remark 7.22. Composing y with Skg < Ské’lOC — UCAg defines a cluster character to
the upper cluster algebra of S. If S has at least two marked points, the upper cluster algebra

is equivalent to the cluster algebra with coefficients CAISOC localized at the boundary arcs,
see Theorem 7.13.

Proof of Theorem 7.21. The geometrization Theorem 6.13 shows that y is well-defined. It is
also clear that y satisfies all parts of Definition 7.20, except for the cluster multiplication for-
mula. We thus consider two matching curves v, ' in S, which satisfy dimy Exté’SCY(M,w M,)=
1 and let B, B’ € C§ be the corresponding extensions. Suppose that v and ' are distinct.
This allows the case that the underlying curves are closed and identical but the monodromy
data differ. By Theorem 6.8, dimy Extle’sCY(Mv,Mvz) = 1 implies that ~,~’ have a single
crossing. The cluster multiplication formula x (My)x (M) = x(B)+ x(B’) thus follows from
Proposition 6.10, see also Remark 6.11.

If v = +' and ~, each self crossing of « gives rise to two crossings of ~,+’. Thus, if

~ has a self-crossing, the condition dimyg EX‘Ué’SCY(M77 M,/) = 1 cannot be satisfied. If
~ is open without a self-crossing, then dimy Exté’SCY(MW,My) = 0. We thus suppose
that v is closed without a self-crossing. If the monodromy data of ~y,~’ differ, then again
dimy Exté’SCY(MA,, M,/) = 0. We thus suppose, that the monodromy data of v and ~ agree.
Denote by a and o’ the ranks of v and 4. We show that dimy Exté’SCY(MV, M.,) is always
an even number and hence not equal to 1. The global section M, arises as a coequalizer, see
(13). Tt follows that Moreg (M, M,/) is equivalent to the fiber of some morphism

k]2 — E[EE]% (7, 7) - (16)

Inspecting the construction of the morphism (16), one finds that it lies in the image of
the functor ¢*: D(k[tE]) — D(k[tf]). Using that every morphism in D(k[t]) splits into
a direct sum of an equivalence and a zero morphism, it follows that MorgS (M, M) =
Moreg (M, M.,/) is free of even rank in D(k[t{]), which implies that dimy Extle’fy(Mw M,)
is indeed an even number. This concludes the case distinction and the proof. O
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Remark 7.23. The proof of Theorem 7.21 shows that there is some flexibility in the formula
for the cluster character. In fact, it appears that one can assign arbitrary values to the closed
matching curves of rank a > 2.

8 The equivalence with the Higgs category and further
results

In Section 8.1, we recall the construction of the Higgs category [Wu23] and show that the
1-periodic topological Fukaya category €§ is equivalent as an exact oo-category to the Higgs
category. From this, it follows that the (homotopy category of the) stable category of C§
recovers the standard triangulated 2-Calabi—Yau cluster category of the marked surface S.
In Section 8.2, we observe that the mapping class group action on Cg induces a mapping class
group action on this triangulated 2-Calabi—Yau cluster category. Finally, in Section 8.3, we
describe the generalized n-cluster categories arising from relative higher Ginzburg algebras
associated with n-angulated marked surfaces.

8.1 The Higgs category

In [Wu23], Yilin Wu describes a generalization of Amiot’s construction of the generalized
cluster category, that is different to the approach of this paper and considers a more general
setup. Given the input of suitable relative left 3-Calabi—Yau dg-algebra, the result is a 2-
Calabi—Yau Frobenius extriangulated category equipped with cluster tilting objects. In the
following, we recall this construction in the oo-categorical setting and in the special case
where the relative 3-Calabi—Yau dg-algebra is the relative Ginzburg algebras associated with
an ice quiver with potential and show the compatibility with the approach of this paper if
the ice quiver with potential comes from a triangulated marked surface.

Let (@, F) be a finite ice quiver, meaning that @ is a finite quiver and F C @ a (not
necessarily full) sub-quiver. Let W be a potential for ). Associated with this is the relative
Ginzburg algebra 4(Q, F, W) and the Ginzburg dg-functor [Wu23)

Gi: II,(kF) — 9(Q,F, W),

where TIs(kF) denotes the 2-Calabi-Yau completion [Kell1] of the path algebra of F. The
Ginzburg functor Gi is equivalent to the deformed relative Calabi—Yau completion of kF —
kQ and thus admits a left 3-Calabi-Yau structure [Yeul6,BCS20]. We will assume that the
relative Jacobian algebra Ho(¥4(Q, F,W)) is finite dimensional and refer to [KW23] for a
discussion of Higgs categories in the Jacobi-infinite case.

Pulling back along Gi yields the functor

Gi*: D(%(Q, F,W)) — DL (kF)).

Its left adjoint is denoted Gi and given by tensoring with the bimodule . r, P given by
the sum of the indecomposable direct summands of 4(Q), F, W) associated with the frozen
vertices.

We let DIin(Z(Q, F,W)) C DI(4(Q, F,W)) be the kernel, i.e. the fiber, of the functor
Gi*. The relative cluster (co-)category is defined as the Verdier quotient

N Q, F,W) == DP(9(Q, F,W)) /DG (Q, F,W)).

To define the Higgs (oo-)category, we must first recall the definition of the relative fundamen-
tal domain F™' C DPeH(4(Q, F,W)). Consider the set P of objects in DP (4(Q, F,W))
given by the indecomposable direct summands of 4(Q, F, W) associated with the frozen
vertices of (). Note that add(?P) is the essential image Gii(add(kF')) of add(kF') under the
functor Giy.

Definition 8.1. The relative fundamental domain F*! C DPe{(4(Q, F,W)) is the full
subcategory spanned by objects X satisfying that
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1) X fits into a fiber and cofiber sequence M; — My — X with My, My lying in the
additive closure add(¥4(Q, F, W)) and

2) Ext'(P,X) ~ Ext'(X,P)~0forall P € P and i > 0.

Lemma 8.2. Suppose that the functor Gi* admits a colimit preserving right adjoint Gi, sat-
isfying that add(P) = Gi.(add(Ilz(kF))). Then condition 2) in Definition 8.1 is equivalent
to X satisfying Gi*(X) € add(Ilz(kF)).

Note that the condition that Gi, preserves colimits is equivalent to Gi* preserving com-
pact objects, i.e. perfect modules.

Proof of Lemma 8.2. Let X € DP™(9(Q,F,W)). Let P ~ Gi\(Q) ~ Gi.(Q') € add(P)
with @, Q' € add(IIy(kF)). We have

Extippert (g (Q,r.w)) (P X) = Extpper 11, (1.5y) (Q; Gi* (X))

and
Extppert (0, mw)) (Xs P) = Exthpe m, (o)) (G (X), Q) .

Since the dg-algebra IIy(kF) is concentrated in positive degrees (in the homological grad-
ing convention), it defines a silting object in DP(IIy(kF)). It follows that Gi*(X) €
add(IIy(kF)) holds if and only if

Ext Dpert (11, 57y (G1¥ (X), Mo (K F)) 2 Exthpert 1, (o) (M2 (KF), Gi* (X)) ~ 0

for all i > 0, see [MSSS13, Thm. 5.5] or also [IY'18, Lem. 2.5, Prop. 2.8], [KN13, Thm. 10.2.2].
By the above, this is satisfied if and only if Ext'(P, X) ~ Ext"(X, P) ~ 0 for all P € P and
1> 0. O

The Higgs category H(Q,F,W) C €*Y(Q, F,W) is defined as the image of F*' un-
der the quotient functor DPe™(¥4(Q, F,W)) — C*(Q, F,W). The arising functor ¢: F*! —
H(Q, F, W) is furthermore fully faithful on the level of homotopy categories [Wu23, Prop. 5.20].
The Higgs category is an extension closed subcategory of €*/(Q, F, W) and thus inherits the
structure of an exact oco-category. The homotopy category ho H(Q, F, W) is therefore extri-
angulated. Furthermore, the image of 4(Q, F, W) in H(Q, F, W) is a cluster tilting object.

We next discuss under the assumptions of Lemma 8.2 the relation of the Higgs category
with the cosingularity category

C(Q, F,W) := DP(4(Q, F,W))/D™(4(Q, F,W)).

We equip C(Q, F, W) with the exact co-structure obtained from pulling back as in Exam-
ple 5.8 the split exact structure on DP(IIy(kF))/Di*(IIy(kF)) along the functor induced
by Gi* (note that Gi* automatically preserves finite modules and we have assumed that it
preserves perfect modules):

Gi : C(Q,F,W) — DP (I, (kF)) /D0 (Lo (kF)) .

Composing the inclusion H(Q, F, W) C €*Y(Q, F, W) with the quotient functor
erel(Q, F,W) — C(Q, F,W) to the cosingularity category yields the functor

T H(Q,F,W) = CQ,F,W). (17)

Proposition 8.3. Suppose that the functor Gi* admits a colimit preserving right adjoint
Gi, satisfying that add(P) = Gi.(add(Ilz(kF))). Then the functor T is an exact functor
between exact co-categories and thus also gives rise to an extriangulated functor between the
extriangulated homotopy categories.
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Proof of Proposition 8.3. Since zero objects, inflations, deflations and exact sequences are de-
tected on the level of the extriangulated homotopy categories, the functor 7 can be lifted to an
exact functor between exact co-categories if and only if ho 7 can be lifted to an extriangulated
functor between the extriangulated homotopy categories. Lifting ho7: hoH(Q, F,W) —
ho C(Q, F,W) to an extriangulated functor amounts to specifying a natural transformation
between functors ho H(Q, F, W)°P x ho H(Q, F, W) — Vecty,

Ehosc(@,7,w) (-:-) — Enoe@,rw) (7(-), 7(-)),

such that 7 applied to the realization s(«) of an extension « yields the realization s(7(«)).
The fiber and cofiber sequence preserving functor 7 induces a natural transformation

EXté’C(Q,F,W) (‘,—) — Eth@(Q,F,W) (T(—),T(')). Since Ehoj{(Q7F7W) = EXt%le’C(Q,F,W) and
Enoe(@,r,w) = ker(Gi |ger) C Extioe(q.rw)

it suffices to show that Gi o7 vanishes on extensions to obtain the desired natural trans-
formation.

Denote by (Q, W) the (non-ice) quiver with potential obtained from (Q, F, W) by remov-
ing F from @ and all cycles from W which contain frozen arrows. Let 4(Q, W) be the cor-
responding non-relative Ginzburg algebra and €(Q, W) = DPeH(Z(Q, W))/Di*(4(Q,W))
the (co-categorical version of the) cluster category. There is a cofiber sequence of compactly
generated stable co-categories, see [Wu23, Prop. 7.8],

DY (I (F)) — DXL (Q, F,W)) = DXL (Q,W)).

The functor 7 induces the functor 7: €*Y(Q, F, W) — C(Q, W).

Let X1, Xo € H(Q, F,W) and Y7, Y3 € F™! denote the images of X1, X5 under the equiv-
alence ho 77! ~ ho H(Q, F, W). Let further Y{ = 72! | (Y}) be the relative truncation of Y7,
see [Wu23, Def. 4.9]. There is a morphism Y] — Y3, whose cofiber lies in Di*(4(Q, F, W)),
see loc. cit.. The image of the morphism in €*/(Q, F, W) is thus equivalence. We have the
following equivalences,

Extyq.rw) (X1, X2) = Exte g i (7(X1), 7(X2))
= Ethﬂ(g(Q,W))(W(Yf), m(Y2))
~ Extip g (0. rw) (Y7, Y2)

where the first equivalence is [Wu23, Prop. 5.36], the second equivalence is shown in step 2
in the proof of Proposition 2.12 in [Ami09], using that 7(7%, (Y1) ~ 7<_17(Y1), and the
last equivalence is shown in [Wu23, Lem. 5.16, Lem. 5.29].

Any extension a: X7 — X5[1] in H(Q, F, W) thus lifts to an extension o’: Y] — ¥3[1] in
D(9(Q, F,W)). We note that Gi o 7(«) is equivalent to the image under the quotient func-
tor DPH (T, (kF)) — DPH(II,(kF)) /D (I (kF)) of Gi*(a’). Since Gi*(Y{), Gi*(Y2) €
add(ITp(kF)) and Tl (kF) is rigid, we find that Gi*(a’) must vanish. It follows that Gi o
7(a) =~ 0, as desired. O

The functor 7 considered in Proposition 8.3 is not for every choice of ice quiver with po-
tential an equivalence of extriangulated categories and the cosingularity category C(Q, F, W)
does not necessarily categorify the corresponding cluster algebra with coefficients. This is
because C(Q, F, W) may vanish for an arbitrary choice of ice quiver with potential. This is
the case for instance if (Q, F, W) is Jacobi-finite and concentrated in degree 0, see [Wu23]
for examples. For a basic example where C(Q, F, W) vanishes, see Example 8.8.

Finally, we consider the specific choice of ice quiver with potential (Q, F, W) = (Qg, Fy, W)
associated with a marked surface S with an ideal triangulation I dual to a trivalent spanning
graph T. The vertices of Q3 are given by the arcs in I and the arrows are obtained by
inscribing clockwise 3-cycles into the faces of the ideal triangulation. The frozen part Fy
consists of the vertices given by boundary arcs. The potential Wy is the sum of the 3-cycles

48



inscribed into the faces. The corresponding non-frozen quiver with potential (Q, W) was de-
fined in [LF09]. We note that there is an isomorphisms of dg-algebras 4 (Qg, Fr, We) ~ %y
and thus an equivalence C(Q, F, W) ~ €% with the subcategory of compact objects of the
(Ind-complete) 1-periodic topological Fukaya Cg of S.

Theorem 8.4. The functor
T: j‘f(Qq,Ff],Wg‘) — G‘g

is an equivalence of exact co-categories. In particular, it induces an equivalence between the
extriangulated homotopy categories.

Proof. The conditions of Proposition 8.3 are satisfied by Remark 8.5 below. We first show
that ho7 is an equivalence of extriangulated homotopy categories using Lemma 8.6 below.

Under the quotient functors D(%r) — €' (Qg, Fyr, Wy), Cs, the relative Ginzburg al-
gebra is mapped to cluster tilting objects T € H(Qs, Fy, W) and T’ ~ @vel M, € Cg,
respectively. The Homs assemble into an apparent commutative diagram, where « is induced
by the functor .

EXtOfD(E%)(g‘T’gT) Eth{(QUHFTvW‘T)(T’ T)

Extg, (17, T")

The morphism £ is an equivalence by the fully faithfulness of the functor ¢: %' — H(Q, F, W).
Using the geometric description of the endomorphisms of %y in [Chr21, Thm. 5.4,5.5] and
of T" in Theorems 6.8 and 6.9, it is straightforward to check that « is also an equivalence.
This implies that the map -y is also an equivalence.

Next, we show that 7 is essentially surjective. Consider an indecomposable object X € €.
By Theorem 6.13, we have an equivalence X ~ M, for a matching curve v in S. The
matching curve « lifts uniquely to a pure matching datum (v, k[t1]) in S\M in the sense
of [Chr21, Def. 4.5], see [Chr21, Lem. 4.8]. The corresponding object Mff[m € D(Yy) lies in
Frel and its image in H(Qg, Fr, Wg) is the desired lift of M,

We have shown that ho 7 is an equivalence on extriangulated homotopy categories. The
functor 7 is thus also an exact functor between exact co-categories and further gives bijections
between the subsets of morphisms given by inflations and deflations. To prove that 7 is
an equivalence of exact oco-categories, it remains to show that 7 is fully faithful, i.e. gives
rise to equivalences between the mapping spaces, or equivalently, on all negative extensions
groups. Consider two objects X, X’ € F*! with images Y,Y' € H(Qg, Fy, Wy). By the
equivalence of homotopy categories ho ™ ~ ho €, there exist equivalences X ~ M,’f 4] and
X'~ M,’:,[tl} for two pure matching data (v, k[t1]), (7, k[t1]) in S\M. Note that 7(Y") ~ M,
and 7(Y”’) ~ M.,,. The negative extension groups organize into the following commutative
diagram,

1

EthBZ(gT)(Xa X/) EXtErZ“l(Q:r,Ffr,Wfr)

\ /

Extg! (M, M)

YY)

where the left morphism is an isomorphism by the geometric description of the extension
groups in Theorems 5.4 and 5.5 in [Chr21], using that H;(k[t;]) ~ H;(k[t:]) ~ k for all i > 0.
The upper morphism is also an isomorphism, as shown in [Che23, Lem. 6.70]. This shows
the desired fully faithfulness. O

Remark 8.5. The conditions of Proposition 8.3 are satisfied for the relative Ginzburg alge-
bra ¥y, which can be seen as follows. The functor Gi, is described geometrically in [Chr21,
Prop 4.20]. A minor variation of that argument (where one glues the left adjoints instead of
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the right adjoints) yields a similar description of the functor Gi.. In the notation of loc. cit.,
we find for every edge e of the trivalent spanning graph T that Mf,[tl} ~ ev'(k[t1]), with ev'

the right adjoint of ev, (instead of the left adjoint), and ¢, the pure matching curve consisting
of segments which each wrap exactly one step clockwise (instead of counterclockwise) around
a vertex of T. If e is an external edge, then ¢, is a boundary arc, and all boundary arcs arise
this way. This relation between the left and right adjoints of Gi* can also be explained by
noting that Gi* is a spherical functor whose cotwist functor permutes the components of
Drerf(TT, (K EF)).

Lemma 8.6. Let 7: (C,E,s) — (C',E',s") be an extriangulated functor between extriangu-
lated categories, such that C is Frobenius with finite dimensional Homs and extriangulated
2-Calabi-Yau. Assume further that

1) there are cluster tilting objects T € C and T' € C’,
2) 7(T)=T",
3) 7: Home(T,T) — Home (T7,T") is an isomorphism and
4) the functor T is essentially surjective.
Then T is an extriangulated equivalence.
Remark 8.7. A version of Lemma 8.6 for triangulated categories (without the essential

surjectivity assumption) was proven in section 4.5 of [KROS§]

Proof of Lemma 8.6. Let X € C and Y € add(T). By Lemma 5.16, there exist exact
sequences 77 — Ty — X and X — Sy — 51 in C with Ty, 11,50, 51 € add(T"). We get two
morphisms between sequences of vector spaces which are exact by [GNP21, Thm. 3.5]:

Hom(Y, T;) — Hom(Y,Ty) — Hom(Y, X) —— E(Y,T)) — E(Y,Tp)

3 3 | Fook

Hom(7(Y),7(T1)) » Hom(7(Y),7(Tp)) » Hom(7(Y),7(X)) » E(+(Y),7(T1)) » E(r(Y),7(Tv))

Hom(S1,Y) —— Hom(S,Y) —— Hom(X,Y) —— E(51,Y) —— E(5,Y)
Hom(7(51),7(Y)) - Hom(7(Sp),7(Y)) » Hom(7(X),7(Y)) » E(7(S1),7(Y)) » E(7(So), 7(Y))

All vertical arrows, except the middle arrows, are equivalences by assumption 3) and the fact
that T is rigid. By the five lemma, the middle vertical arrows above are also equivalences.
Similar arguments apply to the following two diagrams:

Hom(Tp,Y) —— Hom(T},Y) — E(X,Y) — E(Ty,Y) —— E(T1,Y)

§ E | Fk

Hom(7 (7o), 7(Y)) » Hom(7(T1),7(Y)) » E(7(X),7(Y)) » E(7(To), 7(Y)) » E((T1),7(Y))

Hom(Y, So) —— Hom(Y, S1) —— E(Y, X) —— E(Y, S) —— E(Y, 1)
Hom(7(Y),7(So)) - Hom(7(Y),7(S1)) » E(r(Y),7(X)) » E(r(T),7(So)) » E(+(T),7(S1))

We use the above constructed equivalences to show that 7 is fully faithful on Homs and
exact extensions. Let X, X’ € C. By Lemma 5.16, there exist exact sequences T; — Ty — X
and 7] — Ty — X' in C with Ty, Ty, T}, T] € add(T). We form the following diagrams with
horizontal exact sequences:

Hom(X', T}) ——— Hom(X', Ty) —— Hom(X', X) —— E(X',T}) —— E(X',Tp)

; i | : 3

Hom(7(X"),7(T1)) » Hom(7(X"),7(Tp)) » Hom(7(X’), (X)) » E(r(X"),7(T1)) » E(r(X"), 7(Tp))
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Hom(T}}, X) —— Hom(T},X) — E(X', X) — E(T}, X) — E(T},X)

§ E | Fop

Hom(7(T5), 7(X)) » Hom(7(T7),7(X)) » E(7(X"),7(X)) » E(7(T5), 7(X)) » E(r(T7), 7(X))

The above shows that the non-central vertical morphisms are equivalences, and the five
lemma yields that the central morphisms are also isomorphisms, showing the desired fully
faithfulness of 7. O

Example 8.8. Consider the As-quiver with a frozen vertex:
a

1 —— 2

The corresponding relative Ginzburg algebra ¢ is the path algebra of the graded quiver

a
- P
= 2
Q zC 1 "’
a
with |a| = 0, |a*| = 1, || = 2 and differential determined on the generators via d(l) = a*a

and d(a) = d(a*) = 0. We show in the following that the homology of ¥ is generated by
e1, e, a,a*, with e; the lazy path at i, and thus finite dimensional. It follows that DPef(¥) =
Din(4) and that the associated cosingularity category DPf(¥)/D"(4) vanishes.

Let X € ¢ be a cycle, meaning that it satisfies d(X) = 0. We may split X = Z?,j:l Xijs
with X; ; a cycle consisting of paths beginning at the vertex ¢ and ending at the vertex j.
We can write X as a k-linear sum of the generators, which are the paths of Q. We may
thus write X7, as X;; = IY' +a*aY? 4 Xep, with Y1, Y2 € & and A € k. Evaluating
the condition d(X7 1) = 0, we find a*aY"! — a*ad(Y?) = 0, hence Y; = d(Y?), and thus get
that X1 1 = d(IY?) 4+ Xe; is homologous to Ae;. Similarly, we may write X1 o = aY for ¥
some cycle consisting of paths beginning and ending at 1. By the previous argument Y is
homologous to e;, and X 5 is hence homologous to a. Analogous arguments show that Xs ;
and X5 o are homologous to a* or es.

8.2 The stable category of Cs and the mapping class group action

Let S be a marked surface and €§ the associated (not Ind-complete) cosingularity category,
considered as a Frobenius exact co-category. The associated stable category Cg is a stable oo-
category whose triangulated homotopy 1-category ho écs is equivalent to the stable category
of the Frobenius extriangulated category ho €§. By Theorem 8.4, ho C§ is equivalent as an
extriangulated category to the Higgs category. As shown in [Wu23, Cor. 5.19], the stable
category ho é‘é is thus equivalent to the usual triangulated 2-Calabi—Yau cluster category
associated with S, considered for instance in [BZ11].

We further note that the mapping class group action on Cg induces an action on the
stable oco-category écs.

Proposition 8.9. The mapping class group action on C§ from Theorem 4.15 induces an
action on C§ by automorphisms in hoSt, and thus also an action on hoCs by equivalences
of triangulated categories.

Proof. The action of the mapping class group does not affect the values of the global sections
at the external edges of the auxiliary trivalent spanning graph 7. It follows that the action
preserves the set W from Proposition 5.5 and hence induces an action on the localization. [J
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8.3 Generalized n-cluster categories of marked surfaces

The study of 2-Calabi-Yau cluster categories admits a generalization to triangulated n-
Calabi-Yau categories with n > 2, called n-cluster categories. Their representation theoretic
behavior is very similar to that of the 2-cluster categories. For example, there is a notion of
n-cluster tilting objects which admit mutations similar to the 2-Calabi-Yau case. n-Cluster
categories for n > 2 however do not categorify cluster algebras. They can be constructed in
similar ways as the 2-cluster categories, for example as orbit categories or explicit geometric
constructions. Amiot’s construction of the generalized cluster category can also be used to
construct n-Calabi—Yau categories with n-cluster tilting objects, see [Guoll]. A possible
input for this is a higher Ginzburg algebra, meaning an (n + 1)-Calabi-Yau version of the
usual Ginzburg algebra.

We fix a marked surface S and choose an n-valent spanning graph T of S. Its dual
describes an n-angulation (decomposition into n-gons) of the surface. As shown in [Chr21],
there is an associated relative higher Ginzburg algebra ¥; and a T-parametrized perverse
schober F with global sections its derived oo-category D(¥y). Its cosingularity category is
given by the Verdier quotient

Ca == D(%)/ Ind D" (%) .

In the following, we survey how the results of this article generalize to Cg.

Locally at each vertex of T, the spherical adjunction underlying the perverse schober Fo
is given by

1 : D(k) +— Fun(S™, D(k)) : f«,

where f denotes the map S™ — %. We now proceed in analogy with Section 4. Under
the equivalence of oo-categories Fun(S™, D(k)) ~ D(k[t,—1]), the functor f* is identified
with the pullback functor ¢* along ¢: k[t,_1] 120, By Lemma 2.10, the quotient
D(k[tn_1])/ Ind D(k[t,_1]) ™ is equivalent to the derived co-category D(k[tE ]) of (n —1)-
periodic chain complexes.

Theorem 8.10. There exist a vanishing-monadic and nearby-monadic T-parametrized per-
verse schober ?(’}md and a locally constant T-parametrized perverse schober 3"(_‘}1“ with generic
stalk D(k[tE_|]) satisfying the following.

i) There is a fiber and cofiber sequence of perverse schobers ??“d = Fr — 3"%1“.

ii) There exists an equivalence
H(T, F2nd) ~ Ind DIy ) .
iit) There exists an equivalence
4 = H(T, ) = D(%r)/ Ind DI (&)
Proof. Analogous to the proofs of Proposition 4.5 and Theorem 4.8. O

We thus find the cosingularity category Cg to be equivalent the topological Fukaya cate-
gory of S with coefficients in the derived oo-category of (n — 1)-periodic chain complexes. In
particular, the well-known 2-periodic topological Fukaya category of a surface is equivalent
to C5.

The co-category CF is smooth and proper as an (n — 1)-periodic, or 2(n — 1)-periodic if
n is even, stable co-category. The functor

H eve: C8 = H(T, T — H Ft(e) ~ H D(k’[tf—l])

ecT? ecT? ecT?

further admits an n-Calabi-Yau structure, see [Chr26, Thm. 6.5].
A geometric model for €g, describing (a priori a subset of) objects in CF in terms of
matching data with local value k[t |][i], 0 < i < n — 2, is given in [Chr21]. The main
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difference to the geometric model for Cg is thus that we may associate objects to matching
curves equipped with a grading datum in Z/(n — 1)Z. Note that [Chr21] only describes
some of the morphism objects between the associated global sections (because the matching
curves are not necessarily pure). One can prove analogs of Theorems 6.8 and 6.9 using a
variation of the approach in [Chr21] applied directly to C&. Furthermore, the proof of the
geometrization Theorem 6.13 applies with minor modifications also to €g, showing that all
compact objects in CF arise from collections of graded matching curves in S\ M.

As in Section 5.2, we can use the functor HeG‘T? eve to define an exact co-structure on

€g and hence also an extriangulated structure on the homotopy category ho€g®. This
exact oo-structure is again Frobenius.
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