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Abstract. We develop a unified approach for identifying spaces of stability conditions of
triangulated categories arising from weighted marked surfaces with moduli spaces of qua-
dratic differentials. This identification is based on the use of perverse schobers (perverse
sheaves of triangulated categories) and a notion of positive arc system kit on a perverse
schober F , which provides a systematic way of assigning to a graded curve on the surface
a global section of F . This assignment allows us to identify mixed-angulations and their
flips with finite-length hearts and their tilts. As an application we obtain a generalization
of the results of Bridgeland–Smith to quadratic differentials with arbitrary singularity type
(zero/pole/exponential).
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1. Introduction

In the seminal work [Bri07], Bridgeland introduced the notion of a stability condition on a
triangulated category based on results on slope stability of vector bundles over curves and
Π-stability of D-branes in string theory. The main result of [Bri07] is that the space of
stability conditions on a fixed triangulated category is a complex (in fact affine) manifold.
It was suggested independently by Kontsevich and Seidel that moduli spaces of quadratic
differentials could be closely related to spaces of stability conditions on Fukaya-type categories
of surfaces. Several results of this kind for various classes of quadratic differentials and
categories associated with surfaces are available by now [BS15, Qiu16, HKK17, Ike17, IQ18,
KQ20, BQS20, Hai24, BMQS24]. The main novelty of the present work is that it unifies and
generalizes many of these results using the notion of perverse schobers on a surface (due to
Kapranov–Schechtman [KS14]).

The present work can also be seen as part of a general program, initially suggested by Kont-
sevich, of studying stability conditions on Fukaya categories of surfaces with coefficients in a
perverse schober, see also [HKS21].

1.1. Weighted marked surfaces and mixed-angulations. To link the geometry of qua-
dratic differentials and the algebra of tilting theory we use a combinatorial structure called
a weighted marked surface Sw together with a mixed-angulation. This is an oriented surface
obtained by gluing polygons of varying numbers m ≥ 1 of edges along pairs of edges. We
also allow the limiting case m =∞, i.e. ∞-gons. The underlying surface S with boundary in-
herits some additional markings from the mixed-angulation which make it a weighted marked
surface: the set M ⊂ S of vertices of the polygons, the marked points, and a set ∆ ⊂ S of
singular points, each equipped with a degree 1 ≤ m ≤ ∞, such that each m-gon contains a
unique singular point (lying on its boundary if and only if m = ∞). The mixed-angulation
also induces a grading structure on S. We refer to Section 2.2 for the precise definitions. The
purpose of the notion of a weighted marked surface is to collect the common data contained
in different mixed-angulations of the same surface that are related by sequences of flips.

Mixed-angulations with their polygons with varying numbers of edges, including ∞-gons,
generalize the well-known triangulations and n-angulations of marked surfaces with finitely
many marked points: a triangulation or n-angulation corresponds to a mixed-angulation where
all polygons are triangles, respectively, n-gons.

The dual graph, S, of a mixed-angulation, has as vertices the set ∆ of singular points and
edges dual to each of the interior edges of the mixed-angulation. S has the structure of an
S-graph, which is a ribbon graph with a positive number assigned to each corner keeping track
of the number (+1) of boundary edges between a given pair of interior edges of a polygon of
the corresponding mixed-angulation. Some examples are depicted in Figure 1.1. As can be
seen in the second example in Figure 1.1, the difference between the valency r and the degree
m of a singular point counts the number of boundary edges in the polygon.

1.2. Perverse schobers and the tilting theory of arcs. Perverse schobers are a, in
general conjectural, categorification of perverse sheaves proposed by Kapranov–Schechtman
[KS14]. Perverse sheaves on surfaces with boundary can be described in terms of constructible
(co)sheaves on ribbon graphs embedded in the surfaces, see [KS16]. To categorify this descrip-
tion, we consider constructible sheaves of stable ∞-categories on ribbon graphs, subject to
certain local conditions, see Section 4 and [Chr22b] for discussions. Such a constructible sheaf
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Figure 1.1. Three examples of weighted marked surfaces with a mixed-
angulation and dual S-graph. The left one is an ideal triangulation of the
torus (with no boundary) with two interior marked points. The central and
right examples are mixed-angulations of the disk. The central one has singular
points with degrees 1, 2, and 4 which are the centers of 1-, 2-, and 4-gons,
respectively. The right one includes boundary singular points and infinitely
many boundary marked points arising from ∞-gons.

is called a perverse schober parametrized by the ribbon graph. Concretely, given a ribbon
graph G, we can describe constructible sheaves on G as functors Exit(G)→ St from the exit
path category of the ribbon graph to the ∞-category of stable ∞-categories.

Given a perverse schober F parametrized by a ribbon graph G, we can consider its stable∞-
category of global sections, which is simply defined as the ∞-categorical limit of the functor
Exit(G)→ St. This category can be thought of as a topological Fukaya category of the surface
with coefficients in F , analogous to how sheaf cohomology generalizes ordinary cohomology.
By choosing suitable perverse schobers, one obtains as global sections many derived categories
naturally constructed from surfaces with markings, see also Section 1.4 below for examples.

Consider now a weighted marked surface Sw with a mixed-angulation and dual S-graph S.
Each graded arc in Sw, meaning an embedded curve with endpoints at the singular points
together with a grading relative to the grading structure of Sw, defines an object in the
topological Fukaya category. Given an arbitrary perverse schober F parametrized by the S-
graph S, we can ask if we can similarly associate global sections with graded arcs. For this, we
intersect the graded arc with the mixed-angulation, yielding local graded arc segments that
decompose the arc. A natural way to obtain a global section from the arc is to associate a
local section of the perverse schober to each such arc segment, such that these local sections
are compatible on their overlaps, and thus glue to a global section1. Since we are considering
an arbitrary perverse schober, we need to assume that there exists a recipe that allows us to
associate suitable local sections with graded arc segments.

We introduce in Section 5.2 the notion of an arc system kit for an S-parametrized perverse
schober, which is a collection of the data necessary to associate the desired local sections with

1More precisely, we will formally implement the gluing of local sections by gluing the corresponding lax
sections of F . Such lax sections are an (∞, 2)-categorical notion and the stable ∞-category of lax sections of
F : Exit(S) → St, see Definition 4.14, describes the lax limit of F . For x ∈ Exit(S) a vertex or edge of the
S-graph, a local section at x refers to an object in the stalk F(x) of the perverse schober F at x. To a local
section, we universally associate a lax section via a relative Kan extension. Their gluing can then conveniently
be formulated as taking a colimit in the ∞-category of lax sections.
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graded arc segments. Using the ansatz explained above, given an arc system kit for F , we
can thus associate a global section of F to each graded arc.

The simplest examples of graded arcs are the edges of the S-graph S itself, so that each
such edge has an associated global section. We denote the collection of the so-obtained global
sections by ΓS. We compute the derived Homs between the objects in ΓS, and relate them with
counts of intersections of the edges in the S-graph, see Proposition 5.14. Under certain local
criteria on the arc system kit, referred to as positivity, we find that ΓS forms a simple-minded
collection, meaning that

• for Γe ∈ ΓS we have

Ext−i(Γe,Γe) ≃

{
k for i = 0

0 for i > 0 ,

• and for Γe,Γf ∈ ΓS, with Γe ̸≃ Γf , we have

Ext−i(Γe,Γf ) ≃ 0 for i ≥ 0 .

In this case, ΓS is thus the set of simple objects in a heart of a bounded t-structure, defined
on the stable subcategory generated by the objects in ΓS, denoted C(S,F). Note that this is
the motivation for the name S-graph: its edges are in bijection with these simple objects.

We next relate the tilting theory of the finite hearts with the geometry of the mixed-angulations
and their dual S-graphs. Given an edge e of the S-graph S, there are two ways of flipping the
edge e to obtain a new S-graph, namely flipping backward and forward. These two operations
on S-graphs are inverse to each other. The edges of the flipped S-graph again describe a set
of graded arcs, whose corresponding simple-minded collection is the backward or forward tilt
of the simple-minded collection ΓS at the simple object associated with e.

We summarize our results on simple-minded collections as follows, see also Construction 5.12,
Proposition 5.14, Theorem 5.22, and Corollary 6.3:

Theorem 1.1. Let Sw be a weighted marked surface with non-empty set of marked points.
Let F be a perverse schober parametrized by an extended S-graph of Sw. Suppose that F is
equipped with a positive arc system kit. Then there exists a stable subcategory C(S,F) of the
stable ∞-category of global sections of F satisfying the following:

(i) Gluing of sections of F yields an injective arc-to-object assignment

graded arc γ in Sw 7→ Γγ ∈ C(S,F) .
(ii) For each S-graph S of Sw, the collection ΓS = {Γe} of global sections associated with the

edges of S forms a generating simple-minded collection in C(S,F), with corresponding
heart HS ⊂ C(S,F).

(iii) If S → S♯ is a forward flip of S-graphs at an edge e, then HS♯ is the forward simple
tilt of HS at Γe, in the sense of Definition 3.1.

Parts (i) and (iii) in Theorem 1.1 lead to an embedding of the exchange graph of S-graphs
of Sw into the exchange graph of hearts of C(S,F), see Corollary 6.3. The latter exchange
graph can be considered as a kind of skeleton of the space of stability conditions on C(S,F).
The innovation in Theorem 1.1 is that it does consider any specific S-parametrized perverse
schober F and corresponding category C(S,F), but instead introduces the minimal data for F
that leads to the correspondence between S-graphs and hearts, namely a positive arc system
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kit. This makes the theorem applicable to many different perverse schobers and triangulated
categories of interest.

In the proof of part (iii) of Theorem 1.1, a central step is the reduction to the case that
the S-graph S is the ribbon graph parameterizing the perverse schober F . To perform this
reduction, we show that the perverse schober F can be “transported” along a forward flip
S→ S♯ to a S♯-parametrized perverse schober F ♯ together with a positive arc system kit, see
Proposition 5.19, and such that C(S,F) ≃ C(S♯,F ♯). The possibility of canonically transport-
ing perverse schobers along changes in the ribbon graph is a central aspect of their theory,
see Lemma 4.16, and this would not be possible for arbitrary sheaves of categories.

1.3. Stability conditions and spaces of quadratic differentials. To relate the space
of stability conditions with a space of quadratic differentials, we follow the basic strategy of
[BS15, BMQS24], but in the much more general setting of mixed-angulations and perverse
schobers with an arc system kit.

The first thing to notice is that each quadratic differential φ that is generic (i.e. without
saddle trajectories) gives rise to a mixed-angulation whose edges consist of one member from
each 1-parameter family of generic trajectories. It follows from the geometry of the horizontal
foliation that each simple pole of φ gives rise to a 1-gon, a zero of order m gives rise to an

m+2-gon, and an exponential singularity of the form ez
−n
f(z)dz2 gives rise to n distinct ∞-

gons. The dual S-graph has as vertices the zeros and simple poles of φ and edges the saddle
connections which do not cross separating trajectories. Conversely, from a mixed-angulation
or S-graph together with a choice of complex number in the upper half-plane for each edge
one can construct a complex structure and quadratic differential. Moreover, the crossing of
strata with a single saddle trajectory corresponds to a flip of the mixed-angulation.

We then use the correspondence between simple tilting of hearts and flips of S-graphs from
Theorem 1.1.iii), which allows to embed the skeleton (exchange graph) of the moduli space
of quadratic differentials into the skeleton of the space of stability conditions. Using the C-
actions on both spaces, one then extends such an embedding to all quadratic differentials, such
that the image consists of connected components. This step involves non-trivial results about
the surface topology of quadratic differentials, for which we will mostly refer to [BMQS24,
§ 4]. However, we consider a slightly more general setup than loc. cit. by allowing simple and
double poles, as well as boundary singular points, corresponding to quadratic differentials
with exponential singularities. Our main result is then the following (see Theorem 6.6 in the
main text).

Theorem 1.2. Suppose that Sw is not closed with a single marked point and has a non-empty
set of marked points. Let C(S,F) be the stable ∞-category generated by the simple-minded
collection ΓS associated with the edges of the S-graph S. There is a map

FQuadS(Sw)→ Stab(C(S,F)) (1.1)

from the space of framed quadratic differentials on Sw to the space of stability conditions,
which is a biholomorphism onto a union of connected components.

1.4. Examples. In this paper, we consider two classes of examples of stable ∞-categories
which arise from perverse schobers equipped with arc system kits:
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1◦. perverse schobers arising from ∞-categories of D(k)-valued local systems on spherical
fibrations between products of spheres, where D(k) is the derived category of chain
complexes over the field k, in Section 7.1,

2◦. topological Fukaya categories of flat surfaces with infinite area in Section 7.2.

Theorem 1.2 applies to both of these examples. A class of more elaborate examples of perverse
schobers with arc system kits, whose global sections describe the derived categories of relative
graded Brauer graph algebras, is explored in the sequel paper [CHQ24].

The stable ∞-categories of global sections of the first of the two classes of perverse schobers
generalize the derived categories of Ginzburg algebras associated with triangulated marked
surfaces and more generally derived categories of relative Ginzburg algebras associated with
n-angulated surfaces, see [Chr22b, Chr21], whose spaces of stability conditions have not pre-
viously been described. The stability conditions of the second class of examples were already
identified in [HKK17], but we give a proof based on very different methods.

Before describing these two examples in more detail, we highlight the relation of our results
to other works on quadratic differentials and stability conditions.

• [BS15, KQ20]: We recover the case of quadratic differentials without double poles (i.e.
with simple zeros and poles of order > 2 only) as a special case of our first example.
In the presence of double poles, our 3CY category differs from the one considered by
Bridgeland–Smith (theirs is a deformation). The difference in the spaces of stability
conditions is that there appear in our approach no quadratic differentials where a zero
has collided with a double pole.
• [Ike17] We also recover the case with order N − 2 zeros and higher order poles as a
special case of our first example, which generalizes the disk case in [Ike17].
• [HKK17]: We recover the case of infinite area flat surfaces (equivalently: quadratic
differentials with at least one pole of order ≥ 2 or an exponential singularity). The
case of finite area flat surfaces is beyond the scope of the tilting theory approach. For
the same reason, we do not recover the results of [Hai24].
• [BMQS24]: This is possibly another special case for a suitable choice of perverse
schober, but we do not consider this example here.

1.4.1. Local systems on spherical fibrations between products of spheres. Given a Kan complex
X, we consider the∞-category of D(k)-valued local systems on X, which is defined as the∞-
categorical functor category Fun(X,D(k)). A spherical fibration f : X → Y is a Kan fibration
between Kan complexes whose fiber is homotopic to the n-sphere for some n ≥ 0. If f is
a spherical fibration, the pullback functor f∗ : Loc(Y ) → Loc(X) is a spherical functor, see
[KS14, Chr22c], and thus describes the data encoding a perverse schober on the disc with a
single singularity. The simplest spherical fibration f : Sn → ∗ was shown in [Chr22b, Chr21]
to give rise to the perverse schobers describing relative Ginzburg algebras of n-angulated
surfaces. To extend this construction to a mixed-angulated weighted marked surface Sw,
we consider a perverse schober FS,Λ, which, near each degree m vertex, is described by the
spherical functor arising from the spherical fibration∏

i∈Λ
Si−1 −→

∏
i∈Λ,i ̸=m

Si−1 .

Here Λ ⊂ N≥2 is a finite set containing all degrees of the interior singular points of the given
weighted marked surface Sw (which is assumed to have no degree 1 singular points). We show
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that FS,Λ admits an arc system kit, so that we obtain a description of the space of stability
conditions of a proper subcategory of its stable ∞-category of global sections.

As shown by Smith [Smi15], the finite derived categories of Ginzburg algebras of triangulated
surfaces embed fully faithfully into the Fukaya categories of 3-dimensional exact symplectic
manifolds with a Lefschetz fibration to the surface. Relative Ginzburg algebras of n-angulated
surfaces behave similarly to partially wrapped Fukaya categories of n-dimensional exact sym-
plectic manifolds with a Lefschetz fibration, see also [Chr21]. This is generalized by the
behaviour of the ∞-category of global sections of FS,Λ: it behaves is some ways like a par-
tially wrapped Fukaya category of a 1 +

∏
i∈Λ(i − 1) complex dimensional exact symplectic

manifold with a Morse–Bott fibration to the surface Sw with fiber T ∗(
∏

i∈Λ S
i−1).

The perverse schober FS,Λ can furthermore (in most cases) be constructed in such a way, that
its ∞-category of global sections admits a relative left Calabi–Yau structure in the sense of
Brav–Dyckerhoff [BD19] of dimension 1 +

∏
i∈Λ(i− 1), see Remark 7.5.

1.4.2. Topological Fukaya categories of infinite area flat surfaces. We can consider any weighted
marked surface Sw as a graded marked surface, which has an associated Z-graded topological
Fukaya category. This topological Fukaya category was shown in [DK15, HKK17] to arise as
the global sections of a constructible cosheaf of dg-categories, defined on a spanning ribbon
graph of the real blowup surface Sblw of Sw at the singular points. The constructible cosheaf
models a parametrized perverse schober F (by first passing to derived ∞-categories and then
to the right adjoint diagram, i.e. the dual sheaf of the cosheaf). This perverse schober has no
singularities, meaning that the spherical adjunctions describing it at the vertices of G are all
trivial (given by D(k)↔ 0).

In Section 7.2, we show that the topological Fukaya category of Sw arises as the global sections
of a different, novel perverse schober Fcut with non-trivial singularities, which is parametrized
by an S-graph of Sw. The S-graph of Sw does not itself define a spanning graph of Sblw.
However, we can choose a spanning graph that encloses each interior singular point by a loop,
and upon removing these loops one obtains the S-graph. The value of the perverse schober
Fcut at a vertex formerly incident to a loop is given by the ∞-category of sections supported
in a neighborhood of the loop.

The perverse schober Fcut is shown to admit an arc system kit, which allows us to apply
Theorem 1.2 to the topological Fukaya category. This gives an alternative proof of the main
result of [HKK17] for flat surfaces of infinite area.

1.5. Notation.

• Weighted marked surface Sw = (S,M,∆,w, ν) with M the marked points, ∆ the
singular points, w : ∆ → N≥−1 ∪ {∞} the weight function, and ν the line field (Defi-
nition 2.3).
• Mixed-angulation A of Sw (Definition 2.5), with dual graph an S-graph S = A∗ (Def-
inition 2.7).

• Forward flip A♯
γ of a mixed-angulation A at an arc γ ∈ A (Definition 2.9).

• Exchange graph EG(Sw) and exchange graph of S-graphs EGS(Sw) of the weighted
marked surface Sw (Section 2.2).
• Moduli space of framed quadratic differentials FQuad(Sw) (Definition 2.11).
• The category Γ(G,F) of global sections of the perverse schober F parametrized by a
ribbon graph G (Definition 4.14).
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• Extended ribbon graph Ŝ of an S-graph S (Definition 5.1).

• Collection of objects ΓS ⊂ Γ(Ŝ,F) corresponding to the edges of the S-graph (Sec-
tion 5.3), generating the stable subcategory C(S,F) with a canonical heart C(S,F)♡
(Section 5.5).

Note that our convention of forward flip (moving endpoints clockwise) and morphism direction
(counter-clockwise) are the inverse of the ones in [Qiu16, KQ20, BMQS24].

Throughout this paper, k denotes a fixed field.

1.6. Acknowledgements. We thank Nathan Broomhead, Raquel Coelho Simoes, David
Pauksztello and Jon Woolf for pointing out a small mistake concerning a missing finiteness
condition of the tilted heart in Proposition 3.2 in an earlier version of the article and sharing
with us their upcoming work [BSPW24]. We thank the anonymous referee for their careful
reading and the suggestions to add more details. M.C. thanks Tobias Dyckerhoff for inspiring
discussions about stability conditions on topological Fukaya categories of surfaces. M.C. fur-
ther thanks the Hausdorff Research Institute for the hospitality during his stay, during which
part of this work was written.

2. Mixed-angulations on weighted marked surfaces

In this section we define weighted marked surfaces, their mixed-angulations, the dual notion of
an S-graph, as well as flips of both. We also discuss basic properties of quadratic differentials
and their moduli spaces, and how horizontal foliations give rise to mixed-angulations.

2.1. Grading of surfaces and curves. We recall the definitions of grading for surfaces and
curves on them, following [HKK17]. This is the lowest-dimensional case of the more general
notions of grading for symplectic manifolds and their Lagrangian submanifolds [Sei00].

Definition 2.1. Let S be a smooth, oriented surface. A grading structure on S is a foliation ν,
i.e. a section of the projectivized tangent bundle P(TS). A graded surface is a surface together
with a choice of grading structure. A morphism of graded surfaces (S1, ν1) → (S2, ν2) is a
pair (f, h) where f : S1 → S2 is an orientation preserving local diffeomorphism and h is a
homotopy class of paths from f∗ν2 to ν1 in the space of sections Γ(S1;P(TS1)).

For us, grading structures arise as horizontal foliations of quadratic differentials. This folia-
tion, hor(φ), is defined on the complement of the zeros and poles of a quadratic differential φ
on a Riemann surface S by

hor(φ)(p) := {v ∈ TpS | φ(v, v) ∈ R≥0} ∈ P(TpS).

If (S, ν) is a graded surface, then any immersed loop c : S1 → S has a Maslov index, indν(c),
which records the number of times (more precisely an intersection number) that ν becomes
tangent to c. The sign is normalized so that if c is a counter-clockwise loop around the origin
in C and ν is the horizontal foliation of the quadratic differential zkdz2, then indν(c) = k+2.
If ν is defined in a punctured neighborhood of a point p ∈ S, then define indν(p) := indν(c),
where c is a small counter-clockwise loop around p.

Definition 2.2. A graded curve in a graded surface (S, ν) is an immersed curve c : I → S
together with a homotopy class of paths, c̃, in Γ(I; c∗P(TS)) from c∗ν to ċ (i.e. from the line
field given by the foliation to the line field given by the tangents to c).
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We note that if I is an interval, then there is a Z-torsor of choices of c̃ for given c. If I = S1,
then c̃ exists if and only if indν(c) = 0. To a pair of graded curves (I1, c1, c̃1), (I2, c2, c̃2)
intersecting transversely in a point p = c1(t1) = c2(t2) one can assign an integer ip(c1, c2) as
the class in π1(P(TpS)) = Z given by c̃1(t1) · κ · c̃2(t2)−1, where κ going from ċ1(t1) to ċ2(t2)
is given by counterclockwise rotation in TpS by an angle less than π.

We will also require a definition of the intersection index ip(c1, c2) in the case where two graded
curves (I1, c1, c̃1), (I2, c2, c̃2) intersect at a common endpoint p ∈ S at which ν is undefined,
but rather defined on a small punctured disk centered at p. To do this, choose a small arc
α : [0, 1]→ S starting on c1 and ending on c2 and going counterclockwise around p and choose
an arbitrary grading of α. Then ip(c1, c2) := iα(0)(c1, α) − iα(1)(c2, α) is independent of the
choice of the graded curve α, c.f. [HKK17, Equation (3.17)].

2.2. Weighted marked surfaces and mixed-angulations. A mixed-angulation is a col-
lection of polygons with possibly varying numbers of edges and an identification of certain
pairs of edges. We will consider sets of mixed-angulations, related by a sequence of flips, on
the same underlying surface. To set this up consistently, we need a notion of marked surface.

Definition 2.3. A weighted marked surface is a quintuple Sw = (S,M,∆,w, ν) where

• S is a compact oriented surface, possibly with boundary,
• M ⊂ S is a non-empty subset of marked points (vertices),
• ∆ ⊂ S is a finite subset of singular points (centers of polygons),
• w : ∆→ Z≥−1 ∪ {∞} is the weight function,
• ν is a grading structure on S∖ (M ∪∆).

such that

1◦. w(x) =∞ if and only if x ∈ ∂S,
2◦. M ∩∆ = ∅,
3◦. the interior of S contains only finitely many points of M,
4◦. each component of ∂S contains at least one point of M,
5◦. M is discrete in S∖∆, and any non-compact component of ∂S∖∆ contains countably

infinitely many points of M,
6◦. the index of any x ∈ ∆ ∩ int(S) with respect to ν, indν(x), is equal to w(x) + 2, and

in particular finite.

For simplicity, we also assume that S is connected. An isomorphism of weighted marked
surfaces Sw → S′

w is an isomorphism of graded surfaces (f, h) : (S, ν)→ (S′, ν ′) with f(M) =
M′, f(∆) = ∆′, and w′ ◦ f = w.

We define d(x) := w(x) + 2 and refer to this as the degree of x ∈ ∆.

Definition 2.4. A compact arc in a weighted marked surface Sw is a curve γ : [0, 1] → S
connecting points in ∆, i.e. γ(∂I) ⊂ ∆, that is disjoint from ∆ ∪M away from its endpoints.
We require that γ be embedded except possibly at the endpoints, which may coincide. If the
endpoints of γ coincide, we require γ to not be homotopic in S∖M, relative to its endpoints,
to the constant loop. A non-compact arc is a curve that connects points in M and is away
from its endpoints disjoint from ∆∪M. A boundary arc is a non-compact arc which cuts out
a connected component of S containing one boundary singular point and no other singular
points. A closed curve is a curve γ : S1 → S◦ ∖ (M ∪∆).
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Definition 2.5. A mixed-angulation of a weighted marked surface Sw is a (finite) collection,
A, of non-compact graded arcs in S∖∆ such that

1◦. endpoints of arcs lie in M,
2◦. arcs intersect only in endpoints,
3◦. the set of arcs cuts S into polygons with vertices in M, called A-polygons, and edges

which are arcs in A and/or boundary arcs, so that each n-gon contains exactly one
singular point x ∈ ∆ with d(x) = n,

4◦. if X,Y are two consecutive edges of a polygon in clockwise order, then i(X,Y ) = 0
(for the edges of S-graphs, see below, the order reverses to counter-clockwise). Here
we use the grading on arcs and have chosen a grading on boundary arcs.

We refer to the arcs in A as edges of the mixed-angulation. The boundary arcs are the
boundary edges and the others are the internal edges.

The notion of a mixed-angulated surface is dual to that of an S-graph in the sense of [HKK17].

Definition 2.6. A graph G consists of two finite sets G0 of vertices and H of halfedges
together with an involution τ : H→ H and a map σ : H→ G0. We call the τ -orbits the edges
of G and denote their set by G1. An edge is called internal if the orbit contains two elements
and is called external if the orbit contains a single element. An internal edge is called a loop
at v ∈ G0 if it consists of two halfedges both being mapped under σ to v. The set of internal
edges of G is denoted by G◦

1 and the set of external edges is denoted by G∂
1 .

Definition 2.7. An S-graph is a graph S with, for each vertex v, either a cyclic or total
order on the set of halfedges meeting v and a positive integer d(h1, h2) for each pair h1, h2 of
successive halfedges. We call those vertices of S with cyclic order (resp. total order) on the
set of halfedges meeting it internal vertices (resp. boundary vertices).

Given the data of d(h1, h2) for consecutive halfedges, we define d(h1, h2) for other pairs h1,
h2 of halfedges attached to the same vertex v so that d(h1, h2) = 0 if h1 = h2 and d(h1, h3) =
d(h1, h2) + d(h2, h3) if the sequence (h1, h2, h3) is compatible with the cyclic/total order at
v. If v is an internal vertex, then this determines d(h1, h2) for all pairs (h1, h2), and if v is a
boundary vertex then this determines d(h1, h2) for all pairs with h1 ≤ h2.
Definition 2.8. The dual graph S = A∗ of a mixed-angulated surface (Sw,A) is the S-graph
obtained by choosing embedded intervals (edges of the graph) in S with endpoints in ∆,
intersecting only in endpoints, so that each internal edge of the mixed-angulation corresponds
to a unique edge of the S-graph in the sense that the two intersect in exactly one point in the
interior. The cyclic/total order on the set of halfedges meeting a given vertex is induced from
the embedding of the graph in S. (By convention, we go around a vertex counter-clockwise.)
Finally, for each pair of consecutive halfedges (h1, h2), we let d(h1, h2)− 1 be the number of
boundary edges between the interior edges corresponding to h1 and h2.

The edges of the dual S-graph have a canonical grading such that i(X,Y ) = 0 if X ∈ A and
Y is the dual edge of the S-graph. Then d(h1, h2) is just the intersection index of the two
corresponding edges of the S-graph at the given vertex.

Next, we introduce the flips of mixed-angulations. We say an arc in a mixed-angulation is a
monogon arc if it encloses a monogon.

Definition 2.9. The forward flip A♯
γ of a mixed-angulation A at an arc γ ∈ A is an operation

that moves the endpoints of γ clockwise along the adjacent sides of the A-gons containing γ,
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Figure 2.1. Example of mixed-angulated surface and dual S-graph. Numbers
d(h1, h2) for consecutive halfedges h1, h2 are shown.

as illustrated in Figure 2.2. A special case of the flip is the monogon case: if γ is a monogon
arc, we will move both its endpoints along the adjacent side of the other A-gon containing γ,
as illustrated in Figure 2.3. Then we obtain a new mixed-angulation A♯ by replacing γ with
γ♯. The inverse of a forward flip is a backward flip, A♭

γ . Note that γ
♯ inherits the grading from

γ when grading is considered.

The exchange graph EG(Sw) of the weighted marked surface Sw is the directed graph whose
vertices are mixed-angulations and whose oriented edges are forward flips between them.

We will refer to the two cases of flips, as in Figure 2.2 and Figure 2.3, as the usual and the
monogon case, respectively.

Remark 2.10. The forward flip operation on an S-graph

S = A∗ → S♯e = (A♯
γ)

∗

can concretely be described as follows, where e in S is the dual edge of γ in A. The arc e

remains in S♯e but its grading will be shifted downward by one. Moreover, in the usual case,
the weights of both endpoints of e are bigger than 1; in the monogon case, the degree of
exactly one endpoint of e is 1. For h ̸= e ∈ S, we flip it to h′ as follows:

• In the usual case, if there is an oriented intersection x of index 1 from e to h at a
singular point Z, then move the endpoint Z of h along e with respect to Z. See
Figure 2.2 for h = a, b.
• In the monogon case, if there is an oriented intersection x of index 1 from e to α at
a singular point Z, then apply the square of the braid twist Be along e (cf. [KQ20,
Def. 3.10]) as shown in Figure 2.3 to h and then h′ = B2

e (h).

The exchange graph EGS(Sw) of S-graphs of Sw is the directed graph whose vertices are
S-graphs and whose oriented edges are forward flips between them.

2.3. Quadratic differentials. Let C be a compact Riemann surface and φ a quadratic
differential which is holomorphic and non-vanishing away from a finite subset D ⊂ C. Each
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e
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b

•◦
4

•◦5Z

•◦3

⇝ e

b′

a′

•◦
3

•◦
4

•◦5Z

Figure 2.2. The forward flip at a usual arc.

point in D should be either a zero, a pole, a regular point, or a transcendental singularity of
φ of the form exp(f(z))g(z)dz2 where f and g are meromorphic and f has a pole of order n
at z = 0, called an exponential singularity of order n. Thus, D consists of the zeros, poles,
and exponential singularities of φ, as well as possibly some additional marked points where φ
is holomorphic and non-vanishing.

Besides the complex-analytic point of view on quadratic differentials, there is also a metric
point of view. Indeed, |φ| is a flat Riemannian metric on C∖D, i.e. C∖D has the structure of
a metric space which is locally isometric to the Euclidean plane. However, C∖D is in general
not complete as a metric space and the metric completion, C ∖D, adds a finite number of
conical points. More precisely, C ∖D has a conical point with cone angle (n + 2)π for each
zero of order n of φ, a conical point of cone angle π for each simple pole of φ, and n infinite-
angle conical points for each exponential singularity of order n, and a (non-singular) point
with cone angle 2π for each regular point of φ in D. The metric is already complete near
higher order poles of φ, so these do not lead to any additional conical points. Proofs of these
claims may be found in [HKK17].

h

•◦

•◦

•◦

•◦

•◦ 1

e

•◦
4

• •

•

⇝
B2

e (h)

•◦

•◦

•◦

•◦

•◦1

e

•◦
4

••

•

Figure 2.3. The forward flip at a monogon arc.
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Figure 2.4. A 5-gon around a triple zero of a quadratic differential. Parts
of horizontal foliation (gray lines), mixed-angulation (blue lines), dual S-graph
(red lines) are shown.

A flat surface has a total area which may be finite or infinite. In fact, the area of φ is finite if
and only if φ has no higher order poles and no exponential singularities. The finite area case
is interesting from the point of view of ergodic theory and has been much studied. Quadratic
differentials φ with infinite area, on the other hand, are closely related to mixed-angulations.
This was already noted in [HKK17] in terms of the dual language of S-graphs. Let us recall
this relation. We need to assume also that |φ| has at least one conical point, i.e. exclude
the flat plane and flat cylinder. For generic choice of θ ∈ R, the horizontal foliation of eiθφ
then has the structure of a horizontal strip decomposition. This means the following: After
possibly replacing φ by eiθφ, we can assume that the horizontal foliation of φ, hor(φ), has no
finite-length leaves. Then there are two types of leaves, or trajectories:

1◦. Separating trajectories: Approach a conical point in one direction and escape “to
infinity” (towards a higher order pole or exponential singularity) in the other direction.

2◦. Generic trajectories: Avoid the conical points and go to infinity in both directions.

Each separating trajectory belongs to some conical point, by definition, and a conical point
with cone angle nπ gives rise to n separating trajectories. These separating trajectories cut
the surface into horizontal strips, foliated by one-parameter families of generic trajectories.
Horizontal strips are isometric to (0, a)×R for some a ∈ (0,∞], their height. Finite (resp. in-
finite) height horizontal strips have four (resp. two) separating trajectories on their boundary,
some of which are possibly identified. Choosing a generic trajectory from each horizontal strip
gives a mixed-angulation whose edges are these horizontal trajectories. Each conical point
of cone angle nπ corresponds to an n-gon. Edges corresponding to infinite-height horizontal
strips live on the boundary of the mixed-angulation, i.e. belong to just one polygon.

The dual S-graph of the mixed-angulation is obtained as the union of the finite-length geodesics
which connect the conical points on opposite boundaries of the strip (which can be two dif-
ferent or the same conical point). The quadratic differential is then entirely encoded in terms
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of the S-graph and a positive number Z(e) in the upper half-plane for each edge, which is the
vector between the conical points on the boundary of the horizontal strip e.

One issue with the above construction of a mixed-angulation from a quadratic differential is
that the mixed-angulation lives on the compact surface C which we cannot take to be the
weighted marked surface Sw in the case where φ has poles of order > 2 or exponential singu-
larities. To correct this, we define Sw(C,D,φ) = (S,M,∆,w, ν) associated with (C,D,φ) as
follows:

• S is the oriented real blow-up of C in the poles of order ≥ 3 and exponential singu-
larities,
• M ∩ int(S) is the set of second order poles,
• M ∩ ∂S is the set of directions from which horizontal trajectories approach (there
are n such directions for a pole of order n + 2 and n different Z-torsors worth for an
exponential singularity of order n),
• ∆ is the set of conical points (simple poles, marked points, zeros),
• (w(x) + 2)π = d(x)π is the cone angle of the conical point,
• ν is the horizontal foliation of φ.

We consider certain moduli spaces of quadratic differentials which give rise to a given weighted
marked surface. These are special cases of the moduli spacesM(S) considered in [HKK17],
as here we restrict to flat surfaces of infinite area.

Definition 2.11. Let Sw be a weighted marked surface. Define the moduli space FQuad(Sw)
as follows. A point in FQuad(Sw) is represented by a triple (C,D,φ) as above together with
an isomorphism of weighted marked surfaces f : Sw → Sw(C,D,φ). Two points (C,D,φ, f)
and (C ′, D′, φ, f ′) are equivalent if there is an isomorphism of weighted marked surfaces
g : Sw(C,D,φ) → Sw(C

′, D′, φ′) so that (f ′)−1gf is isotopic to the identity (as an isomor-
phism of weighted marked surfaces). We give FQuad(Sw) the topology of pointwise conver-
gence.

There is a well-known affine structure on FQuad(Sw) given by the period map. This is defined
as follows. First, let Σ → S ∖ (M ∪ ∆) be the double cover whose fiber over p is the two-
element set of orientations of the line ν(p) ⊂ TpS. (If ν is the horizontal foliation of a quadratic
differential φ, then this is just the covering where

√
φ becomes well-defined.) Let

H1(Sw) := H1

(
S∖M,∆;Z×Z/2 Σ

)
where Z×Z/2 Σ is the local system of abelian groups whose fiber over p is the abelian group
generated by Σp = {o1, o2} with relation o1 = −o2, thus non-canonically isomorphic to Z.
Note that an isomorphism of weighted marked surfaces Sw → S′

w induces an isomorphism of
abelian groups H1(Sw)→ H1(S

′
w). Given a triple (C,D, ϕ) there is a map∫

: H1(Sw(C,D, ϕ))→ C, γ 7→
∫
γ

√
ϕ (2.1)

so if (C,D, ϕ, f) ∈ FQuad(Sw) then we get a map H1(Sw) → C. These combine to give a
continuous map

Π: FQuad(Sw) −→ Hom(H1(Sw),C) (2.2)

which turns out to be a local homeomorphism (see [HKK17, Thm. 2.1], which also includes the
case of exponential singularities). The above map may be used to define an affine structure
on FQuad(Sw) by pulling back the one on Hom (H1(Sw),C) ∼= Ck.
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3. Hearts and tilting

This section contains definitions and preliminaries on hearts of t-structures and their tilting
theory. As a slight generalization of existing results, we compute the tilts of finite hearts
with respect to simple objects which are not necessarily rigid. They reader may also skip this
section for now and return it while reading Section 5.5.

3.1. Preliminaries. We first recall some basic definitions around subcategories of addi-
tive/abelian/triangulated categories.

In an additive category C with a subcategory B, we denote by

B⊥C := {C ∈ C : HomC(B,C) = 0 ∀B ∈ B} .

We may write B⊥ when C is implied. The subcategory ⊥CB is defined similarly.

For subcategories T ,F of an abelian category H, denote by

T ∗ F := {M ∈ H | ∃ s.e.s. 0→ T →M → F → 0 s.t. T ∈ T , F ∈ F}.

If additionally Hom(T ,F) = 0, then we write T ⊥ F for T ∗ F . For a subcategory C of
H, denote by ⟨C⟩ the full subcategory of H consisting of objects that admit a filtration with
factors in C.
A map f : E → F in an arbitrary additive category is called right minimal if it does not have
a direct summand of the form E′ → 0. Similarly for left minimal.

Let C be an additive category with a full subcategory X . A right X -approximation of an object
C in C is a morphism f : X → C with X ∈ X , such that Hom(X ′, f) is an epimorphism for
any X ′ ∈ X . Dually, a left X -approximation of an object C in C is a morphism g : C → X
with X ∈ X , such that Hom(g,X ′) is an epimorphism for any X ′ ∈ X . A minimal right/left
X -approximation is a right X -approximation that is also right/left minimal. We say X is
contravariantly finite (resp. covariantly finite) if every object in C admits a right (resp. left)
X -approximation. It is functorially finite if it is both contravariantly finite and covariantly
finite.

A torsion pair in an abelian category H consists of two additive subcategories T and F such
that H = T ⊥ F . Denote by SimH the set of simples of H. An abelian category H is called
a length category if any object in H admits a finite filtration with factors in the set of simples
SimH. The abelian category H is called finite if it is a length category with a finite number
of simples.

Similarly, we have the corresponding notions and notation in a triangulated category D,
replacing s.e.s. by triangles. A t-structure P of D is the torsion part of some torsion pair
of D which is closed under shift (i.e. P[1] ⊂ P). We will write it as D = P ⊥ P⊥. Such a
t-structure is bounded if for any object M in D we have M [≫ 0] ∈ P and M [≪ 0] ∈ P⊥.

The heart of a t-structure P is H = P⊥[1] ∩ P. An additive subcategory H of a triangulated
category D is the heart of a bounded t-structure of D if and only if the following two conditions
hold, see [Bri07, Lem. 3.2].

• Hom(H[a],H[b]) = 0 for any a > b in Z.
• Any object E in D admits a finite filtration whose associated graded has in each degree
an object of the form H[k] with H ∈ H and k ∈ Z.
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The additive subcategories of a triangulated category D satisfying the above two conditions
will also be referred to as the hearts of D.
There is a natural partial order on hearts corresponding to the reverse inclusion relation on
the associated t-structures, i.e. H1 ≤ H2 ⇔ P1 ⊃ P2.

3.2. Tilting theory. In this section we discuss the tilting of hearts, and in particular the
tilting with respect to simple objects which are not necessarily rigid.

Recall simple Happel–Reiten–Smalø tilting:

Definition 3.1. [KQ15, Def. 3.7] Let H = T ⊥ F be a torsion pair in a heart H of a

triangulated category D. Then the forward (resp. backward) tilt H♯ (resp. H♭) w.r.t. T ⊥ F
is the heart that admits a torsion pair H♯ = F [1] ⊥ T (resp. H♭ = F ⊥ T [−1]). The forward
(resp. backward) tilting is simple if F (resp. T ) equals ⟨S⟩ for a simple object S ∈ SimH.
Denote by H♯

S (resp. H♭
S) the simple forward (resp. backward) tilt of H w.r.t. a simple S.

A simple S is rigid if Ext1(S, S) = 0. When S ∈ SimH is rigid, the simple tilting with respect
to S is particularly easy to determine, see Remark 3.3. Next we consider the simple tilting
with respect to a possibly non-rigid simple object. Such simple tiltings were also described in
[KY14, Def. 7.5, Prop. 7.10].

Proposition 3.2. Let S be a simple in a heart H ∈ EG(D), which is a length category. Then

⟨S⟩ is functorially finite in H. If furthermore both H and H♯
S are finite, then

SimH♯
S = {S[1]} ∪ {ψ♯

S(X) | X ∈ SimH, X ̸= S}, (3.1)

where ψ♯
S(X) = Cone(f)[−1] for f the left minimal ⟨S[1]⟩-approximation of X. Similarly, if

both H and H♭
S are finite, then

SimH♭
S = {S[−1]} ∪ {ψ♭

S(X) | X ∈ SimH, X ̸= S}, (3.2)

where ψ♭
S(X) = Cone(g) for g the right minimal ⟨S[−1]⟩-approximation of X.

The statement that ⟨S⟩ is functorially finite can also be found in [Dug15, Thm. 3.3].

Proof of Proposition 3.2. Given M ∈ H, we define

topS(M) := S ⊗Hom(M,S)∗ and subS(M) := ker(M
ev−→ topS(M)) (3.3)

and inductively define {
submS (M) = subS

(
subm−1

S (M)
)

topmS (M) = topS
(
subm−1

S (M)
)

using (3.3) and set sub0S(M) =M . For anyM ̸= 0 in H, there exists j ∈ Z>0 with top1S(M) ̸=
0 and topj+1

S (M) = 0, since H is a length category. Thus, we obtain a filtration of short exact
sequences

subjS(M) subj−1
S (M) · · · sub1S(M) sub0S(M) =M.

topjS(M) top1S(M)

(3.4)
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In particular, we have a short exact sequence

0 subjS(M) M top•S(M) 0,
f0

(3.5)

where top•S(M) admits a filtration with factors topiS(M) in ⟨S⟩ for 1 ≤ i ≤ j. Thus, top•S(M)

is also in ⟨S⟩. As topj+1
S (M) = topS

(
subjS(M)

)
= 0, we have subjS(M) ∈ ⊥HS. This implies

there is a torsion pair H = ⊥HS ⊥ ⟨S⟩. By applying Hom(−, S) to (3.5), we see that f0 is the
left ⟨S⟩-approximation of M . Hence, ⟨S⟩ is covariantly finite. Dually, there is a torsion pair
H = ⟨S⟩ ⊥ S⊥H and ⟨S⟩ is contravariantly finite. So ⟨S⟩ is functorially finite.

Next, suppose that H♯
S is also finite. Then, ⟨S[1]⟩ is functorially finite in H♯

S . Let X ̸≃ S be

any other simple in H, so that X ∈ ⊥HS ⊂ H♯
S . Let T be a simple subobject of X in H♯

S . As

X is simple in H and T is simple in H♯
S , there are short exact sequences

0 M T X 0 and 0 T X M ′ 0h h f
(3.6)

in H and H♯
S respectively. Thus M ′ =M [1]. As T is a simple in H♯

S , we have Hom(T, S[1]) =
0. Applying Hom(−, S[1]) to the second short exact sequence in (3.6), we see that f is the
left ⟨S[1]⟩-approximation of X. It must be minimal, since f is an epimorphism in H. Thus,

T = ψ♯
S(X) as expected. To show that all simples in H♯

S are as in (3.1), take any simple T

in H♯
S . Then T ∈ ⊥HS ⊂ H and we find a simple top X of T in H and as above. We obtain

exact sequences as in (3.6), which again leads to T = ψ♯
S(X), concluding the argument. □

Remark 3.3. The proposition above is a slight generalization of [KQ15, Prop. 5.2]. More
precisely, when the simple S is rigid, new simples in the forward simple tilting formulae (3.1)
and (3.2) are given by the simplified formulae

ψ♯
S(X) = Cone

(
X → S[1]⊗ Ext1(X,S)∗

)
[−1], (3.7)

ψ♭
S(X) = Cone

(
S[−1]⊗ Ext1(S,X)→ X

)
. (3.8)

Example 3.4. Consider the case where

• Ext1(S, S) = k, with the corresponding non-split extension denoted by Ŝ.

• Ext1(Ŝ, S) = 0.
• X ∈ SimH with Ext1(X,S) = k.

Inspecting the proof of Proposition 3.2, one finds that ψ♯
S(X) = Cone(X

f−→ Ŝ[1]). More

precisely, let Ext1(X,S) = k correspond to the object X̂. Then we have Ext1(X̂, S) = k, which

corresponds to ψ♯
S(X). Equivalently, we have the following tower of short exact sequences in

H (which arises from (3.4) with M = X in H♯
S):

ψ♯
S(X)

Ŝ X̂

S S X.
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4. Perverse schobers parametrized by ribbon graphs

In this section, we recall a notion of categorified perverse sheaves, called parametrized perverse
schobers, on surfaces with boundary. Such parametrized perverse schobers amount to certain
constructible sheaves with values in stable ∞-categories, on ribbon graphs embedded in the
surfaces. The exposition follows [Chr22b], except that we refine the discussion of perverse
schobers on the n-spider by introducing novel local conditions in Definition 4.4.

4.1. Preliminaries on higher category theory. We formulate Sections 4, 5 and 7 in the
language of Lurie’s stable∞-categories. In these sections, we will generally follow the notation
of [Lur09, Lur17]. Given a stable∞-category, its homotopy 1-category inherits a triangulated
structure. Because of their good formal properties, stable ∞-categories thus provide us with
a convenient choice of enhancement for triangulated categories. Even better formal properties
are possessed by presentable, stable ∞-categories. We will thus often work with the latter.
Note that this is not much of a loss of generality: any stable ∞-category C embeds fully
faithfully into its Ind-completion Ind(C), which is a presentable, stable∞-category. Further, if
C is idempotent complete, then the∞-category of compact objects Ind(C)c in Ind(C) coincides
with C.
We will make use of the following ∞-categories of ∞-categories:

• The ∞-category of (not necessarily small) ∞-categories, denoted by Cat∞.
• The subcategory of Cat∞ spanned by stable∞-categories and exact functors, denoted
by St.
• The subcategory of Cat∞ spanned by presentable and stable ∞-categories and left
adjoint functors, denoted by PrLSt.
• The subcategory of Cat∞ spanned by presentable and stable ∞-categories and right
adjoint functors, denoted by PrRSt.
• We let LinCatk = LModD(k)(PrLSt) be the ∞-category of k-linear ∞-categories, con-

sisting of left modules over the symmetric monoidal derived∞-category D(k) in PrLSt,
see [Lur18, Appendix D.1] for background.

For simplicity, we will only consider k-linear ∞-categories in this paper, even though many
concepts and constructions would also work R-linearly, with R any E∞-ring spectrum.

We note that passing to adjoints defines an equivalence of ∞-categories

radj(-) : PrLSt ≃ (PrRSt)op : ladj(-) ,

see [Lur09, 5.5.3.4]. Recall also that a functor between presentable ∞-categories admits a
right adjoint (i.e. is a left adjoint) if and only if it preserves all (small) colimits, see [Lur09,
5.5.2.9].

Given a k-linear∞-category C, and two objects X,Y ∈ C, we denote by RHomC(X,Y ) ∈ D(k)
the k-linear morphism object, see [Lur17, 4.2.1.28], characterized by the universal property

MapD(k)(C,RHomC(X,Y )) ≃ MapC(C ⊗X,Y ) .

The remainder of this section concerns the computation of limits in ∞-categories of ∞-
categories. The forgetful functors LinCatk,PrLSt,PrRSt, St→ Cat∞ preserve (small) limits. We
remark that the forgetful functor LinCatk → PrLSt also preserves small colimits, see [Lur17,
4.2.3.5]. As we now recall, limits in Cat∞ of strictly commuting diagrams of simplicial sets
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indexed by 1-categories admit a very explicit description in terms of sections of an explicit
Grothendieck construction.

Let F : Z → Set∆ be a functor from a 1-category Z to the 1-category of simplicial sets,
i.e. a strictly commuting diagram of simplicial sets. We suppose that F takes values in ∞-
categories, and thus gives rise to a diagram F : N(Z)→ Cat∞ (which one should think of as
a homotopy commutative diagram), where N(Z) is the nerve of Z. In the following, we will
not distinguish in notation between Z and N(Z).

Later on, we will be interested in the case where Z is the exit path category of a quiver, and
thus all 2-simplices in Z will be degenerate. In this case, we thus have that any diagram
F : Z → Cat∞ commutes strictly, i.e. arises from a functor F as above.

To F , we associate an ∞-category Γ(F ), called the Grothendieck construction, together with
a coCartesian fibration p : Γ(F ) → Z, which is classified by the functor F . The definition of
Γ(F ) is given in [Lur09, 3.2.5.2], where Γ(F ) is called the relative nerve. Informally, an object
in Γ(F ) consists of choices of z ∈ Z and x ∈ F (z). A morphism in Γ(F ) from (z, x) to (z′, x′)
consists of a morphism α : z → z′ in Z and a morphism F (α)(x)→ x′ in F (z′).

A section of p consists of a functor s : Z → Γ(F ), whose composite with p is the identity on
Z. These assemble into the ∞-category of sections

FunZ(Z,Γ(F )) := Fun(Z,Γ(F ))×Fun(Z,Z) {idZ} .

A section s is called coCartesian, if s(e) is a p-coCartesian edge (in the dual sense of [Lur09,
2.4.1.1]) for all edges e of Z. Concretely, an edge s(e) : (z, x) → (z′, x′) is p-coCartesian if
and only if the morphism F (α)(x) → x′ in F (z′) is an equivalence. The full subcategory
of FunZ(Z,Γ(F )) spanned by coCartesian sections of p describes the limit of F , see [Lur23,
7.4.1.9]. This description of the limit is both simple and very explicit, thus allowing for
concrete computations. Computationally, we also benefit from the observation that the limit
arises as the full subcategory of the bigger ∞-category of all sections of p (the lax limit).

4.2. Spherical adjunctions and perverse schobers locally. In this section we discuss
perverse schobers on ribbon graphs with a single vertex of valency n (n-spiders). These
are shown to correspond to spherical adjunction, up to equivalence. They serve as the local
model for perverse schobers on general ribbon graphs, which we will consider in the subsequent
section.

Definition 4.1. Let F : V ↔ N :G be an adjunction between stable ∞-categories.

1◦. The twist functor TV : V → V is defined as the cofiber of the unit u: idV → GF in the
stable ∞-category Fun(V,V) of endofunctors2.

2◦. Dually, the cotwist functor TN is defined as the fiber of the counit cu: FG→ idN .
3◦. The adjunction F ⊣ G is called spherical if both TV and TN are equivalences.
4◦. A functor is spherical if it admits a right adjoint, such that the corresponding adjunc-

tion is spherical.

The notion of a spherical functor was introduced by Anno, see also [AL17]. Treatments in
the setting of stable ∞-categories can be found in [DKSS21, Chr22c].

2Note that this definition of twist and cotwist functors differs from the standard convention for the definition
of the twist along a spherical object (which corresponds to a shifted cotwist).
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As observed in [KS14], spherical adjunctions may be seen as a categorification of perverse
sheaves on the complex unit disc D ⊂ C with a single singularity at 0. In this description, the
∞-category N categorifies the generic stalk of the perverse sheaf, i.e. any stalk away from 0,
which is a chain complex concentrated in a single degree. The ∞-category V categorifies the
derived global sections of the perverse sheaf with support on the positive real axis R≥0∩D ⊂ D.
These derived sections turn out to form a chain complex whose homology is concentrated in
a single degree; this homology is called the vector space of vanishing cycles. Categorified
perverse sheaves are also referred to as perverse schobers. We can think of R≥0 ∩ D ⊂ D as
describing a graph with a single, 1-valent vertex at 0 inside the disc. This graph is also called
the 1-spider, as a special case of the j-spider (which we will use later):

Definition 4.2. For any number j ∈ N≥1, the j-spider Spj is the ribbon graph with a single
vertex v and j incident external edges.

We may thus summarize the above in the following definition.

Definition 4.3. A perverse schober parametrized by the 1-spider, or on the 1-spider for short,
consists of a spherical adjunction between stable ∞-categories

F : V ←→ N :G .

More generally, one can describe perverse sheaves on D in terms of their sections with support
on the n-spider, where the n-valent vertex again lies at 0 and n ≥ 1, see [KS16]. We propose
to categorify this description as follows, leading to the notion of perverse schober on the
n-spider.

Definition 4.4. Let n ≥ 2. A collection of adjunctions

(Fi : Vn ←→ Ni :Gi)i∈Z/n

between stable ∞-categories is called a perverse schober parametrized by the n-spider, or a
perverse schober on the n-spider for short, if

1◦. Gi is fully faithful, i.e. FiGi ≃ idNi via the counit,
2◦. Fi ◦Gi+1 is an equivalence of ∞-categories,
3◦. Fi ◦Gj ≃ 0 if j ̸= i, i+ 1,
4◦. Gi admits a right adjoint radj(Gi) and
5◦. fib(radj(Gi+1)) = fib(Fi) as full subcategories of Vn.

We will also consider a collection of functors (Fi : Vn → Ni)i∈Z/n as determining a perverse
schober on the n-spider, or as a perverse schober on the n-spider for short, if there exist
adjunctions (Fi ⊣ radj(Fi))i∈Z/n which define a perverse schober on the n-spider.

In the subsequent sections of this paper, we will be interested in, and thus consider, k-linear
perverse schobers, meaning that they take values in k-linear stable ∞-categories (which we
assumed to be presentable) and k-linear functors. The comparison of the above Definition 4.4
with the definition of a perverse schober on the n-spider given in [Chr22a] however does not
rely on the k-linearity or presentability, so we prefer to stay in the more general setting of
arbitrary stable ∞-categories in this subsection.

Remark 4.5. Consider a perverse schober on the n-spider (Fi : Vn → Ni)i∈Z/n. Since Gi and
Gi+1 are fully faithful, we find that their adjoints Fi and radj(Gi+1) are localizations in the
sense that they factor through Verdier quotients as

Fi : Vn ↠ Vn/ fib(Fi) ≃ Ni
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and
radj(Gi+1) : Vn ↠ Vn/fib(radj(Gi+1)) ≃ Ni+1 .

By condition 5◦, we have fib(Fi) = fib(radj(Gi+1)), and the resulting equivalence Ni+1 ≃ Ni

identifies with FiGi+1. We thus see that condition 2◦ follows from condition 5◦, making it re-
dundant. Furthermore, we find that Fi ≃ FiGi+1 radj(Gi+1), meaning that Fi and radj(Gi+1)
are equivalent up to postcomposition with the equivalence FiGi+1 : Ni+1 ≃ Ni.

Note that this also shows that Fi admits a left adjoint ladj(Fi), which is then also equivalent
to Gi+1 up to precomposition with an equivalence.

At first glance, Definition 4.4 may seem quite different from Definition 4.3. We proceed with
justifying Definition 4.4, by showing that the datum of a perverse schober on the n-spider
is equivalent to the datum of a perverse schober on the 1-spider. Before that, we illustrate
the special case n = 2. In this case, the ∞-category V2 admits a 4-periodic semiorthogonal
decomposition (V1,N ), which implies that the gluing functor N → V1 (see below) is spherical,
giving rise to the corresponding perverse schober on the 1-spider. See also [HLS16, DKSS21]
for discussions of the relation between 4-periodic semiorthogonal decompositions and spherical

functors. The two fully faithful functors N ≃ Ni
Gi−→ V2, i = 1, 2, describe the inclusion of

the component N of the semiorthogonal decomposition and the inclusion of a component of
a mutated semiorthogonal decomposition.

Proposition 4.6. Let n ≥ 2. Given a perverse schober on the n-spider

(Fi : Vn ←→ Ni :Gi)i∈Z/n

and an integer 1 ≤ j ≤ n, the collection of functors

(Fi|fib(Fj) : fib(Fj) −→ Ni)j ̸=i∈Z/n (4.1)

determines a perverse schober on the (n− 1)-spider.

Proof. We begin with the case n ≥ 3. We fix j as above and first describe the right adjoints
of the functors Fi|fib(Fj) for any i ∈ (Z/n)\{j}. For i ̸= j, j + 1, we have FjGi ≃ 0. For

i ̸= j, j + 1, the functor Gj thus factors through fib(Fj) ⊂ Vn and this factorization defines
the right adjoint of Fi|fib(Fj).

We next describe the right adjoint of Fj+1|fib(Fj). The adjunction unit defines a natural
transformation ϵ : Gj+1 → GjFjGj+1, which becomes a natural equivalence after composing
with Fj . The image of the fiber fib(ϵ) of ϵ is hence contained in fib(Fj). We show that
fib(ϵ) is right adjoint to Fj+1|fib(Fj). We consider the adjunction unit u: idVn → Gj+1Fj+1.
Any natural transformation idfib(Fj) → GjFjGj+1Fj+1 is adjoint to a natural transformation

0 ≃ Fj |fib(Fj) → FjGj+1Fj+1 and thus vanishes. Thus, the restriction of u to fib(Fj) induces
a natural transformation

u′ : idfib(Fj) → fib(ϵ) ◦ Fj+1|fib(Fj) ≃ fib(Gj+1Fj+1 → GjFjGj+1Fj+1) .

We define a second natural transformation as the natural equivalence

cu′ : Fj+1|fib(Fj) ◦ fib(ϵ) ≃ Fj+1Gj+1 ≃ idNj+1 .

The natural transformations u′ and cu′ satisfy the triangle identities:

The natural transformation Fj+1|fib(Fj) u
′ identifies with the restriction of Fj+1 u since Fj+1Gj ≃

0. The composite (cu′ Fj+1|fib(ϵ))◦(Fj+1|fib(ϵ) u′) thus identifies with the restriction of the nat-
ural transformation idFj+1 ≃ (cuFj+1) ◦ (Fj+1 u): Fj+1 ≃ Fj+1 to fib(Fj).
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As above, any natural transformation

fib(ϵ) ≃ idfib(Fj) ◦fib(ϵ)→ GjFjGj+1

is adjoint to a zero transformation and thus vanishes. Hence, to show that (fib(ϵ) cu′) ◦
(u′ fib(ϵ)) is equivalent to the identity, it suffices to show that (fib(ϵ) cu′)◦ (u′ fib(ϵ)) composes
with the fiber natural transformation α : fib(ϵ)→ Gj+1 of ϵ to the fiber natural transformation
α. This follows from the commutativity of the following diagram:

fib(ϵ) fib(ϵ) ◦ Fj+1 ◦ fib(ϵ) fib(ϵ) ◦ Fj+1 ◦Gj+1 fib(ϵ)

Gj+1 fib(ϵ) ◦ Fj+1Gj+1 Gj+1Fj+1Gj+1 Gj+1

α

u′ fib(ϵ) ≃
(fib(ϵ)◦Fj+1)α

fib(ϵ) cu′

≃(fib(ϵ)◦Fj+1)α αFj+1Gj+1

fib(ϵ) cu

α

uGj+1

idGj+1

u′ Gj+1 αFj+1Gj+1 Gj+1 cu

The commutativity of the top and bottom triangles follows from the definition of cu′, u′, and
the triangle identity for Fj+1 ⊣ Gj+1. The commutativity of the left and right squares is the
interchange law for natural transformations and the middle square trivially commutes.

We have thus proved the two triangle identities, showing that Fj+1|fib(ϵ) is left adjoint to
fib(ϵ), see [Lur23, Tags 02EK,02EL].

With the above, we verify in the following that the collection of functors (4.1) and their right
adjoints satisfy the conditions of Definition 4.4: For i ∈ (Z/n)\{j}, let G′

i denote the right
adjoint of Fi|fib(Fj). For i ̸= j+1, G′

i is a restriction of Gi and thus fully faithful. The functor

G′
j+1 = fib(ϵ) is fully faithful since the adjunction counit cu′ is an equivalence. This shows

condition 1◦.

For condition 2◦, the only new condition to check is that Fj−1|fib(Fj) ◦G′
j+1 is an equivalence.

This follows from

Fj−1|fib(Fj) ◦ fib(ϵ) ≃ fib(Fj−1 ◦Gj+1︸ ︷︷ ︸
≃0

→ Fj−1GjFjGj+1) ≃ Fj−1GjFjGj+1[−1] ,

where Fj−1Gj and FjGj+1 are each equivalences by assumption.

For condition 3◦, the new condition to check is that Fi|fib(Fj) ◦ fib(ϵ) ≃ 0 for i ̸= j + 1, j − 1,

which, by inspecting the fiber sequence defining fib(ϵ), reduces to Fi ◦Gj+1, Fi ◦Gj ≃ 0.

For condition 4◦, we note that the right adjoint of G′
i is given by radj(Gi)|fib(Fj) for i ̸= j+1.

Since the passage to right adjoints defines an exact functor, fib(ϵ) admits a right adjoint, given
by cof(radj(Gj+1)Gj radj(Gj)→ radj(Gj+1)).

For condition 5◦, the only new condition to check is that the fiber of radj(G′
j+1) = radj(fib(ϵ))

agrees with fib(Fj−1|fib(Fj)). We observe that

radj(G′
j+1) ≃ cof(radj(Gj+1)Gj radj(Gj)→ radj(Gj+1))

is equivalent to radj(Gj+1)Gj radj(G
′
j)[1], since radj(Gj+1) vanishes on fib(Fj) = fib(radj(Gj+1))

(where the latter equality arises from condition 5◦ for the perverse schober on the n-spider).

https://kerodon.net/tag/02EK
https://kerodon.net/tag/02EL
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The assumption that FjGj+1 is an equivalence, implies after passing to right adjoints that
radj(Gj+1)Gj is also an equivalence. It follows that

fib(radj(G′
j+1)) ≃ fib(radj(Gj)|fib(Fj)) ≃ fib(Fj−1|fib(Fj)) ,

again by condition 5◦ of the perverse schober on the n-spider.

We proceed with the case n = 2. We prove the assertion via a different argument than above,
but note for completeness that the right adjoint of F2|fib(F1) is again given by fib(ϵ) = fib(G2 →
G1F1G2). Using the adjunctions F1 ⊣ G1 and F2 ⊣ G2 and [DKSS21, Prop. 2.3.2], we find that
there are semiorthogonal decompositions (Im(Gi), fib(Fi)) and (fib(radj(Gi)), Im(Gi)) for i =
1, 2, where Im(Gi) ⊂ Vn denotes the essential image of Gi. The condition fib(radj(Gi+1)) =
fib(Fi) is equivalent to the 4-periodicity of these semiorthogonal decompositions, in the sense
of [HLS16, DKSS21]. It follows from [DKSS21, Prop. 2.5.12] that the gluing functor of
(fib(radj(Gi)), Im(Gi)), given by the restriction of Fi to fib(radj(Gi)) = fib(Fi−1), is a spherical
functor. □

Next, we describe an explicit model for perverse schobers on the n-spider, taking as input a
spherical functor. This model is inspired by Dyckerhoff’s categorified Dold-Kan correspon-
dence [Dyc21], see also the discussion in [Chr22b]. Let F : V → N be a spherical functor and
define VnF as the stable ∞-category of diagrams

a→ b1 → · · · → bn−1

where a ∈ V, bi ∈ N and the morphism a → b1 lies in the Grothendieck construction of
F , i.e. encodes a morphism F (a) → b1. For a more precise definition of VnF , in terms of
sections of a Grothendieck construction, see [Chr22b, Notation 3.2, Lem. 2.29]. We define
ϱ1 = πn−1 : VnF → N to be the projection functor to bn−1 and, for 2 ≤ i ≤ n, ϱi to be the
(2i − 2)-fold left adjoint of πn−1. On objects, the functor ϱi can be explicitly described via
the following formula, see [Chr22b, Lem. 3.3]: Let X = (a→ b1 → · · · → bn−1) ∈ VnF . Then

ϱi(X) ≃


bn−1 i = 1 ,

fib(bn−i → bn−i+1)[i− 1] 1 < i < n ,

fib(F (a)→ b1)[n− 1] i = n .

(4.2)

The functor ϱi admits a right adjoint ςi : N → VnF . This functor can be described just as
explicitly on objects, see again [Chr22b, Lem. 3.3]: Let b ∈ N . Then:

ςi(b) ≃


(G(b)→ b→ · · · → b) i = 1 ,

(0→ · · · → 0→ b︸︷︷︸
(n−i−2)-th position

→ 0→ . . . )[−i+ 2] 1 < i ≤ n , (4.3)

where the above morphism G(b)→ b is Cartesian in the Grothendieck construction, meaning
it encodes the counit morphism FG(b)→ b.

The collection of adjunctions (ϱi ⊣ ςi)i∈Z/n defines a perverse schober on the n-spider, as
follows readily from inspecting the above descriptions and using [Chr22b, Lem. 3.8]:

Proposition 4.7 (The model for perverse schobers on the n-spider). Let F : V → N be a
spherical functor. The collection of adjunctions

(ϱi : VnF ←→ N : ςi)i∈Z/n

defines a perverse schober on the n-spider, denoted Fn(F ).
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Consider a stable ∞-category C with a semiorthogonal decomposition (A,B). The inclusion
ιA : A ⊂ C always admits a left adjoint and the inclusion ιB : B ⊂ D always admits a right
adjoint [DKSS21, Prop. 2.3.2]. If furthermore ιA admits a right adjoint ιRA, then (A,B)
is called a Cartesian semiorthogonal decomposition and the corresponding gluing functor is
defined as ιRA ◦ ιB : B → A. Similarly, if ιB admits a left adjoint ιLB, then (A,B) is called a
coCartesian semiorthogonal decomposition, and the gluing functor is ιLB ◦ιA : A → B. In either
of these two cases, C can be reconstructed given A and B as well as the gluing functor, see
[DKSS21, Rem. 2.3.7].

Given a perverse schober on the n-spider F , we obtain the spherical adjunction underlying
F , by repeatedly applying Proposition 4.6 to any (n− 1) of the n edges of the n-spider. Up
to equivalence, the arising spherical adjunction is indepent of the choice of edges.

Proposition 4.8. Consider a perverse schober on the n-spider F with underlying spherical
functor F : V → N . Then there exists an equivalence of perverse schobers3 F ≃ Fn(F ).
In particular, Definition 4.4 is equivalent to the definition of a perverse schober on the n-spider
given in [Chr22b].

Proof. We prove the assertion by an induction on n. In the case n = 1, the assertion is trivial.

Suppose that n > 1. We denote the perverse schober F by (Fi : Vn ←→ Ni :Gi)i∈Z/n.
Fix j ∈ Z/n and denote the perverse schober on the (n − 1)-spider arising from F via
Proposition 4.6 by (F ′

i : Vn−1 ←→ Ni :G
′
i)i∈Z/n,i ̸=j . For the induction step, assume that

F ′ ≃ Fn−1(F ). Then Vn−1 = fib(Fj) ≃ Vn−1
F . The stable∞-category Vn has a semiorthogonal

decomposition into Vn−1 and Nj ≃ N with fully faithful gluing functor, see Lemma 4.9 below.

Further VnF has a semiorthogonal decomposition into Vn−1
F and N , and the corresponding

gluing functor identifies with the gluing functor of Vn. We thus find Vn ≃ VnF . Further, under
this identification with VnF , the functor Fj corresponds to the left adjoint of the inclusion of
the component N ≃ Nj , meaning to ϱj . By Remark 4.5, the functors Fi and ϱi, with i ∈
(Z/n)\{j}, can be recovered up to postcomposition with equivalences by passing to repeated
adjoints of Fj and ϱj , respectively. Thus also Fi is equivalent to ϱi (up to postcomposition
with equivalences), showing the desired equivalence of perverse schobers. □

Lemma 4.9. Let (Fi : Vn ←→ Ni :Gi)i∈Z/n be a perverse schober on the n-spider. Then there
is a Cartesian semiorthogonal decomposition (fib(Fi), Im(Gi+1)) for any i ∈ Z/n. If n = 2,
the gluing functor is spherical and if n ≥ 3, the gluing functor from Im(Gi+1) to fib(Fi) is
fully faithful.

Proof. The semiorthogonal decomposition follows from fib(Fi) = fib(radj(Gi+1)), see [DKSS21,
Prop. 2.3.2]. There is similarly a semiorthogonal decomposition (Im(Gi),fib(Fi)) of Vn.
Hence, (fib(Fi), Im(Gi+1)) is Cartesian by [DKSS21, Prop. 2.3.2]. In the case n = 2, the
semiorthogonal decomposition is 4-periodic, as shown in the proof of Proposition 4.6, so that
the gluing functor is spherical by [DKSS21, Prop. 2.5.5]. We next consider the case n ≥ 3.

Denote by ι the fully faithful functor fib(Fi)→ Vn. The gluing functor Ni+1
Gi+1−−−→ Vn radj(ι)−−−−→

fib(Fi) is the right adjoint of Fi+1|fib(Fi), and thus fully faithful by Proposition 4.6. □

3By an equivalence of perverse schobers on the n-spider, we mean a compatible collection of equivalences
of the n adjunctions.
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4.3. Parametrized perverse schobers. In this section we recall the definition of a perverse
schober parametrized by a ribbon graph in terms of certain functors from the exit path
category of the graph, as well as the ∞-categories of global sections and lax sections.

Definition 4.10. A ribbon graph consists of a graph G together with a choice of a cyclic
order on the set of halfedges incident to v for each v ∈ G0.

Definition 4.11. Let G be a ribbon graph. The exit path category Exit(G) is the 1-category
with

• objects the vertices and edges of G and

• a morphism v
a−→ e for each halfedge a of G which is part of an edge e incident to a

vertex v of G. All other morphisms are identities.

We do not distinguish in notation between Exit(G) and its simplicial nerve N(Exit(G)) ∈
Set∆.

Let v be a vertex of valency n of a ribbon graph G. Let Exit(G)v/ be the undercategory,
which has n+1 objects, which can be identified with v and its n incident halfedges and non-
identity morphisms going from v to these halfedges. There is a functor Exit(G)v/ → Exit(G),
which is fully faithful if Γ has no loops incident to v.

Definition 4.12. Let G be a ribbon graph. A functor F : Exit(G) → LinCatk is called
a G-parametrized (k-linear) perverse schober if for each vertex v of G, the restriction of
F to Exit(G)v/ determines a perverse schober parametrized by the n-spider in the sense of
Definition 4.4. In this case, we call the spherical functor obtained from repeated application
of Proposition 4.6 the spherical functor4 describing the perverse schober F at v. We call v a
singularity of F if this spherical functor is non-trivial, i.e. its domain is not equivalent to the
zero ∞-category.

Given a connected ribbon graph G, a G-parametrized perverse schober F assigns to each
edge of G an equivalent stable ∞-category, referred to as the generic stalk of F .

Remark 4.13. Proposition 4.8 implies that Definition 4.12 is equivalent to the definition of
parametrized perverse schober appearing in Definition 4.14 of [Chr22b].

Definition 4.14. Let F be a G-parametrized perverse schober.

• We denote by Γ(G,F) = lim(F) the limit of F in the ∞-category LinCatk of k-
linear ∞-categories. We call Γ(G,F) the ∞-category of global sections of F . Recall
that Γ(G,F) can be identified with the ∞-category of coCartesian sections of the
Grothendieck construction of F .
• We denote by Γlax(G,F) the ∞-category of all sections of the Grothendieck con-
struction of F . We call Γlax(G,F) the ∞-category of lax sections of F . Note that
Γlax(G,F) describes the (∞, 2)-categorical lax limit of F , and thus has no immedi-
ate analog in classical sheaf theory. We further remark that Γlax(G,F) is stable and
admits a canonical k-linear structure.

Note that we have a fully faithful k-linear functor Γ(G,F) ⊂ Γlax(G,F).

4The resulting spherical functor does not depend on the choices of integers j in the process, up to composition
with equivalences.
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The local rotational “symmetry” of a perverse schober at a vertex is captured by composition
with the equivalence TF(v) defined in the following proposition. This is in general not a
genuine symmetry, as a full rotation does not return the perverse schober to itself; the change
depends on the “monodromy” around the singularity given by the suspension of the cotwist
functor of the corresponding spherical adjunction. We will refer to this rotational action as
the paracyclic symmetry, see also [Chr22b] for background.

Proposition 4.15 ([Chr22b, Lem. 3.8]). Let F be a G-parametrized perverse schober and
v ∈ G0 a vertex with incident halfedges a1, . . . , an lying in edges e1, . . . , en ∈ G1. The functor

F ′
v :=

n∏
i=1

F(v ai−→ ei) : F(v) −→
n∏

i=1

F(ei)

is spherical. Let G′
v be its right adjoint. We denote the twist functor of the adjunction F ′

v ⊣ G′
v

by TF(v).

4.4. Equivalences from contractions of ribbon graphs. To complement the discussion
in the previous section, we recall here the fact that one can transport perverse schobers along
certain contractions of ribbon graphs in a way that preserves the∞-category of global sections,
up to equivalence.

Let G be a ribbon graph and e ∈ G◦
1 an internal edge which is not a loop. By contracting

the edge e, we obtain a new ribbon graph G′, which we call the contraction of G at the edge
e. For a more formal description of this procedure, see [Chr22b, Def. 4.24]. Given two ribbon
graphs G and G′, we write c : G→ G′ if G′ can be obtained from G by contracting finitely
many edges, and call c a contraction of ribbon graphs.

Lemma 4.16. Let c : G→ G′ be a contraction of ribbon graphs.

(1) Let F be a G-parametrized perverse schober and assume that c contracts no edges
incident to two singularities of F . Then there exists a canonical G′-parametrized
perverse schober c∗(F) together with an equivalence of ∞-categories c∗ : Γ(G,F) ≃
Γ(G′, c∗(F)).

(2) Let F ′ be a G′-parametrized perverse schober. For each choice of subset S ⊂ G0, such
that c|S : S → G′

0 defines a bijection between S and the singularities of F ′, there exists
a canonical G-parametrized perverse schober c∗(F ′) together with an equivalence of
∞-categories c∗ : Γ(G′,F ′) ≃ Γ(G, c∗(F ′)).

Proof. Part (1) was shown in [Chr22b, Prop. 4.28].

For part (2), it suffices to treat the case that c contracts a single edge e of G incident to
vertices v1, v2, whose image in G′ is denoted v. Swapping the labels of v1 and v2 if necessary,
we may assume that S = {v2}. Let mi be the valency of vi, i = 1, 2, and n = m1 +m2 − 2
the valency of v. Replacing F ′ by an equivalent G′-parametrized perverse schober, we may
assume that near v, F ′ is given by the following diagram, with F ′

v : V → N the spherical
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functor underlying F ′ at v, see also Proposition 4.8:

N N

. . . VnF ′
v

. . .

N N

ϱm1−1 ϱm1

ϱn

ϱ1

We define c∗(F ′) to be identical to F ′ away from v1, v2 and near v1, v2 as the following diagram,

N N

. . . Vm1
0N

N Vm2
F ′
v

. . .

N N

ϱm1

ϱ1

ϱm1−1

ϱ2

ϱm2

ϱ1

where we denote by 0N the spherical functor 0 : 0→ Vv. By [Chr22b, Lem. 4.26], we then get
c∗c

∗(F ′) ≃ F ′. The equivalence Γ(G′,F ′) ≃ Γ(G, c∗(F ′)) in part (2) thus follows from part
(1). □

Remark 4.17. We remark that the construction of the perverse schober c∗(F ′) in the proof
of Lemma 4.16, though involving choices, leads to a uniquely determined perverse schober up
to equivalence. Furthermore, we have c∗c∗(F) ≃ F and c∗c

∗(F ′) ≃ F ′, and we expect c∗ and
c∗ to define inverse equivalences between the ∞-categories, or even (∞, 2)-categories, of G-
and G′-parametrized perverse schobers.

5. Arc system kits for perverse schobers

For the entire section, we fix a weighted marked surface Sw, with a mixed-angulation A. We
denote by S = A∗ the dual S-graph of the mixed-angulation.

In Section 5.1, we introduce the setup of this section, based on perverse schobers parametrized
by extended S-graphs and the effect of flips of S-graph on perverse schobers. In Section 5.2,
we introduce the notion of an arc system kit for a perverse schober parametrized by such
an extended S-graph. In Sections 5.3 and 5.4, we describe how to associate to each graded
arc a global section of a perverse schober equipped with an arc system kit, and study their
properties. In the final Section 5.5 we describe how arc system kits can be transported along
flips of the S-graph. Combining the different results of this section, we obtain the main result
Theorem 5.22, stating that for positive arc system kits, flips of an S-graph induce a simple
tilt on the corresponding simple-minded collections.

5.1. Equivalences from flips of S-graphs. In this section we explain how to realize flips
of S-graphs in terms of zig-zags of edge contractions, thereby allowing perverse schobers to
be transported across such flips in a way that preserves their ∞-categories of global sections,
up to equivalence.

Definition 5.1. The extended graph Ŝ of an S-graph S is obtained by adding an external edge
to S at each boundary vertex. This edge is placed at the final position in the total order of the
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halfedges at the boundary vertex, which induces a compatible cyclic order of the halfedges.

Hence, we consider Ŝ as a ribbon graph.

We refer to the halfedges and edges of Ŝ which are not part of S as virtual. These edges are not
embedded in Sw. The primary reason for their introduction is rather technical: the diagrams

we wish to study define Ŝ-parametrized perverse schobers, but not S-parametrized perverse

schobers. The other halfedges and edges of Ŝ are called non-virtual and can be identified

with the halfedges of edges of S. We also identify the vertices of Ŝ and S, and use this when

referring to vertices of Ŝ as internal or boundary vertices.

Remark 5.2. We can describe the effect of a forward flip of an S-graph S at an edge η on the

associated ribbon graph Ŝ in terms of a zig-zag of contractions of ribbon graphs. Consider
first the case that η is not incident to a singular point of weight −1. In this case, for each
halfedge whose incident vertex changes under the flip (there are either 0, 1 or 2 of these), we
once include the span of contractions which is near the flipped edge e of the form depicted in
Figure 5.1.

· · · •◦ · · ·•◦•◦· · · •◦ · · ·•◦· · · •◦ · · ·•◦

Figure 5.1. A span of contractions moving a halfedge, describing part of the
forward flip at a normal arc.

In the case that η is incident to a single singular point of weight −1 (i.e. degree 1), we instead
use the zig-zag of contractions depicted in Figure 5.2.

•◦

•◦
•◦

•◦

•◦

•◦
· · ·

•◦

•◦
•◦

•◦

•◦1

•◦
· · ·

•◦

•◦
•◦

•◦

•◦ 1

•◦
· · ·

•◦

•◦
· · ·

•◦

•◦

•◦
•◦

•◦

•◦

•◦
· · ·

•◦

•◦

•◦
•◦

•◦

Figure 5.2. The zig-zag of contractions describes a forward flip at a monogon arc.
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Proposition 5.3. Let F be an Ŝ-parametrized perverse schober and η ∈ Ŝ1 a non-virtual edge.

Denote by S♯ the forward flip of S at η. There exists a canonical Ŝ♯-parametrized perverse

schober F ♯ together with an equivalence of ∞-categories Γ(Ŝ,F) ≃ Γ(Ŝ♯,F ♯).

A similar statement holds for backward flips.

Proof. Combine Lemma 4.16 and Remark 5.2. □

5.2. Arc system kits. A well-known construction in the symplectic geometry of Lefschetz
fibrations, originally due to Donaldson, and explained in detail in [Sei08], yields Lagrangian
matching spheres (also known as matching cycles) using vanishing cycles and matching paths
as input. A vanishing cycle refers to a Lagrangian sphere in the symplectic fiber of the
Lefschetz fibration, which collapses to a point when parallel-transported along an arc in the
base ending in a singular value of the fibration. If we can find two such singular values where
the parallel transport of the Lagrangian sphere collapses, the union of the Lagrangian sphere
and all its parallel transports in all fibers over the arc connecting the two singular values forms
a Lagrangian sphere (of one dimension higher) in the total space of the fibration, referred to
as the matching sphere (see Figure 5.3). This construction has an analogue in the setting
of perverse schobers: consider an edge e of a ribbon graph G connecting the two vertices
v1, v2. Let F be a G-parametrized perverse schober. The vanishing cycle corresponds to a
choice of object Le ∈ F(e). In a typical situation (see for instance the perverse schobers
considered in [Chr22b, Chr21]), Le would be a spherical object, meaning that the functor
-⊗Le : D(k)→ F(e) is a spherical functor. The categorical meaning of Le being a vanishing
cycle that collapses at either end of the arc e is that this spherical functor -⊗Le describes the
perverse schober F at v1 and v2. There are then distinguished objects Lv1,e ∈ F(v1), Lv2,e ∈
F(v2), satisfying that F(v1 → e)(Lv1,e) ≃ Le and F(v2 → e)(Lv2,e) ≃ Le. Note that if vi is
1-valent, then simply Lvi,e = k ∈ D(k) = F(vi). We can consider Le, Lv1,e, Lv2,e as compatible
lax sections of the perverse schober, which thus glue together to a global section of F , which
is the analogue of the matching sphere.

We next consider the generalized, categorical analogue of the (quite favorable) situation where
the fibers of the Lefschetz fibration are each equipped with a choice of a vanishing cycle, these
being related to each other via parallel transport, and such that the vanishing cycles collapse
over every singular value of the fibration. In this situation, we can associate matching spheres
with arbitrary graded arcs in the base surface of the fibration. The corresponding categorical
data for a perverse schober, see Definition 5.4, is referred to as an arc system kit. The
additional condition v) in Definition 5.4 essentially ensures that there is only a single object
(up to shift) taking the role of the vanishing cycle near each vertex, but furthermore states
that the arc system kit has a local rotational symmetry similar to the rotational symmetry of
the polygons.

When considering arc system kits for an Ŝ-parametrized perverse schober F , we will always

assume that the set of singularities of F consists exactly of the interior vertices of Ŝ. We fix

such an Ŝ-parametrized perverse schober F .

Definition 5.4. An arc system kit for F consists of

i) an object Le ∈ F(e) for each non-virtual edge e of Ŝ,
ii) an object Lv,a ∈ F(v) for each vertex v and non-virtual incident halfedge a of Ŝ,



30 MERLIN CHRIST, FABIAN HAIDEN, AND YU QIU

•◦

•◦

•◦

•◦••

Figure 5.3. Arc in the base surface and corresponding matching sphere in
the total space of the fibration.

iii) an equivalence in F(e)

F(v b−→ e)(Lv,a) ≃

{
Le a = b

0 else

for each pair of non-virtual halfedges a, b incident to a vertex v and where b is part of
the edge e,

iv) an equivalence in F(c)

F(v → c)(Lv,b) ≃ F(v → c)(Lv,a[1− d(a, b)]) ,

for each virtual edge c of Ŝ incident to a vertex v of weight ∞ and consecutive non-
virtual halfedges a, b (i.e. b follows a) incident to v, and

v) an equivalence in F(v)

TF(v)(Lv,b) ≃ Lv,a[1− d(a, b)] , (5.1)

for each internal vertex v of Ŝ and consecutive internal halfedges a, b (i.e. b follows
a) incident to v. Here TF(v) denotes the twist functor from Proposition 4.15. If v
has valency 1 with the single incident halfedge a, we instead require TF(v)(Lv,a) ≃
Lv,a[1− d(v)] with d(v) the degree of v.

Note that in particular, if v is q-valent of degree m, one has Tm
F(v)(Lv,a) ≃ Lv,a[q −m].

The datum in an arc system kit satisfies a ‘local-to-global principle’, meaning that it amounts

to local arc system kits, one for each vertex of Ŝ and its incident edges, plus the requirement
that the data at the edges agrees. The construction below describes the default local arc
system kits that we will use.

Construction 5.5. Case I: interior vertices
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Consider the disc with a single interior singular point v of degree m ≥ q and q singular
points on the boundary. There is a mixed-angulation with dual graph S having a single q-
valent interior vertex v and all interior edges emanating from v. We choose any total order
on these q interior edges which is compatible with their given cyclic order, labeling them
by e1, . . . , eq. Given a spherical functor F : V → N , we let Fv(F ) be the Spq-parametrized
perverse schober obtained from Fq(F ), as in Proposition 4.7, by composing Fq(F )(v → ei)
with [d(a1, ai) − (i − 1)] for all 1 ≤ i ≤ q. Note that if q = m, then Fv(F ) = Fq(F ). Let
Lv ∈ V be an object satisfying that TV(Lv) ≃ Lv[1−m], with TV the twist functor of F ⊣ G.
For instance, if V = D(k), Lv = k ∈ D(k) and F (k) ∈ N is an m-spherical object, then
TV(Lv) ≃ Lv[1 − m] holds. The data for an arc system kit for Fv(F ) at the vertex v is
obtained as follows.

We set Le = F (Lv) ∈ N = Fv(F )(e) for all edges e ∈ Ŝ1. Let ai be the i-th halfedge incident
to v. We set Lv,ai ∈ V

q
F = Fv(F )(v) to be the diagramLv → F (Lv)

id−→ F (Lv)
id−→ . . .

id−→ F (Lv)︸ ︷︷ ︸
q−i+1-th

→ 0→ · · · → 0

 [−d(a1, ai)] (5.2)

where the first morphism Lv → F (Lv) is coCartesian in the Grothendieck construction of F .
Then we have

Fq(F )(v → e1)(Lv,ai) ≃ ϱ1(Lv,ai) = πq−1(Lv,ai) ≃

{
F (Lv) a = 1

0 a > 1 .

Let 2 ≤ j ≤ n− 1. Using the equivalence ϱj ≃ fibn−j,n−j+1[j− 1] from equation (4.2), we find

Fv(F )(v → ej)(Lv,ai) ≃ ϱj(Lv,ai)[d(a1, aj)− (j − 1)] ≃ fibn−j,n−j+1(Lv,ai)[d(a1, aj)] ,

where the latter objects indicates by definition the ([d(a1, aj)]-shifted) fiber of the morphism
between the (n− j)-th and (n− j + 1)-th entries in the diagram (5.2). We thus find

Fv(F )(v → ej)(Lv,ai) ≃


fib(F (Lv)

id−→ F (Lv))[d(a1, aj)− d(a1, ai)] ≃ 0 j > i

fib(F (Lv)→ 0) ≃ F (Lv) j = i

fib(0→ 0) ≃ 0 j < i .

The last functor ϱq corresponds to taking the relative fiber along the morphism in the
Grothendieck construction, as in equation (4.2), meaning that

Fv(F )(v → eq)(Lv,ai) ≃ ϱq(Lv,ai)[d(a1, aq)− (q − 1)](Lv,ai)

≃

{
fib(F (Lv)→ F (Lv))[d(a1, aq)− d(a1, ai)] ≃ 0 i < q

fib(F (Lv)→ 0) ≃ F (Lv) i = q .

This shows the equivalences as in iii) in the definition of an arc system kit. We next show the
equivalence (5.1) from v). Let Fv(F )(v → ei)

R be the right adjoint of Fv(F )(v → ei). We then
have

∏
1≤j≤q Fv(F )(v → ej)

RFv(F )(v → ej)(Lv,ai) ≃ Fv(F )(v → ei)
R(F (Lv)) ∈ Fv(F )(v).

This object can be depicted for i > 1 as0→ · · · → 0→ F (Lv)︸ ︷︷ ︸
(q−i+2)−th

→ 0→ · · · → 0

 [−d(a1, ai) + 1]
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and for i = 1 as (
GF (Lv)→ F (Lv)

id−→ . . .
id−→ F (Lv)

)
,

as follows from equation (4.3) and the defintion of Fv(F ). For i = 1, we can depict the
resulting (vertical) cofiber sequence computing TFv(F )(v)(Lv,ai) ∈ Fv(F )(v) as follows. Note
that the cofiber is computed “entrywise in the diagram”.

Lv F (Lv) . . . F (Lv)

GF (Lv) F (Lv) . . . F (Lv)

TV(Lv) 0 . . . 0

unit

id

id

id

id

id id

Since TV(Lv) ≃ Lv[1−m] and m = d(a1, aq) + d(aq, a1), we find TFv(F )(v)(Lv,a1) ≃ Lv,aq [1−
d(aq, a1)]. For i > 1, we similarly see that TFv(F )(v)(Lv,ai) ≃ Lv,ai−1 [1− d(ai−1, ai)].

Case II: boundary vertices

Consider the disc with q singular points on the boundary and with a mixed-angulation whose
dual S-graph S consists of q edges emanating from a single boundary vertex v. At v, the

extended S-graph Ŝ is described by the (q+1)-spider. The halfedges of the (q+1)-spider are
equipped with the total order where the virtual halfedge is in the final position. Let F be an

Ŝ-parametrized perverse schober which restricts on the (q+1)-spider to the perverse schober
Fv(0) obtained from Fq(0), with 0: 0 → N the zero functor, by composing Fq(0)(v → ei)

with [d(a1, ai)− (2i− 1)] for 1 ≤ i ≤ q. Note that Fv(0)(v) = Vq+1
0 ≃ Fun(∆q−1,N ). Choose

any object L ∈ N . We set Le = L ∈ F(e) = N for all non-virtual edges e of Ŝ. We further

set Lv,ai ∈ V
q+1
0 to be the objectL id−→ L

id−→ . . .
id−→ L︸︷︷︸

q−i+1-th

→ 0→ · · · → 0

 [i− d(a1, ai)] . (5.3)

A computation similar to the above again shows that these objects describe the data of an
arc system kit for F at v.

In the following, we assume that F is equipped with an arc system kit.

Lemma 5.6. There are the following equivalences in D(k):

(1) Let e, h be two non-virtual edges of Ŝ. Then EndF(e)(Le) ≃ EndF(h)(Lh).

(2) Let v be a vertex of Ŝ with incident non-virtual halfedges a, b. Then EndF(v)(Lv,a) ≃
EndF(v)(Lv,b).

(3) Let v be a boundary vertex of Ŝ and let a be a non-virtual halfedge incident to v which
is part of an edge e. Then EndF(v)(Lv,a) ≃ EndF(e)(Le).

Proof. We begin by showing part (1). Since Sw is assumed to be connected, it suffices to
consider the case where e, h are incident to the same vertex v with a ∈ e and b ∈ h with b the
successor halfedge of a at v. Let TF(v) be the twist functor of the adjunction F ′

v ⊣ G′
v from



PERVERSE SCHOBERS, STABILITY CONDITIONS AND QUADRATIC DIFFERENTIALS I 33

Proposition 4.15. There exists an equivalence of functors

F(v a−→ e) ◦ TF(v) ≃ T ′ ◦ F(v b−→ h)

with T ′ : F(h) ≃ F(e) some equivalence. This follows from the fact that, at v, F is locally
equivalent to a perverse schober on the n-spider Fn(F ) of the form described in Proposi-

tion 4.7, see Proposition 4.8. For Fn, one has Fn(F )(v
a−→ e) ◦ TFn(F )(v) ≃ T ′′ ◦Fn(F )(v

b−→ h)
for some equivalence T ′′ by [Chr22b, Prop. 3.11]. We thus find

T ′(Lh) ≃ T ′ ◦ F(v b−→ h)(Lv,b) ≃ F(v
a−→ e) ◦ TF(v)(Lv,b)

≃ F(v a−→ e)(Lv,a[1− d(a, b)]) ≃ Le[1− d(a, b)] .
Since any equivalence, such as T ′[d(a, b) − 1], preserves derived endomorphisms, part (1)
follows.

Part (2) follows from part v) of Definition 5.4 by using that the autoequivalence TF(v) also
preserves derived endomorphisms.

We conclude by showing part (3). Let b be the virtual halfedge at v with v of valency q + 1
in the extended S-graph. Let a be the i-th halfedge at v in the total order of halfedges where
b is final. Consider the functor

α : F(v)
∏

c ̸=a,b F(v
c−→ec)

−−−−−−−−−−−→
∏
c ̸=a,b

F(ec) ,

where the product runs over all halfedges c ̸= a, b at v and ec denotes the corresponding edge of

Ŝ. Since v is a boundary vertex, the spherical functor describing F at v is given by 0: 0→ N .
Using the local model Fn(0) from Proposition 4.7, we find that under the equivalence F(v) ≃
Fun(∆q−1,N ), the fiber fib(α) describes the full subcategory of Fun(∆q−1,N ) generated by
objects of the form

L
id−→ L

id−→ . . .
id−→ L︸︷︷︸

q−i+1-th

→ 0→ · · · → 0

with L ∈ F(e). The functor F(v a−→ e) thus induces an equivalence of ∞-categories fib(α) ≃
F(e). Using that by definition Lv,a ∈ fib(α), we find

EndF(v)(Lv,a) ≃ EndF(e)(F(v
a−→ e)(Lv,a)) ≃ EndF(e)(Le) ,

showing (3). □

Definition 5.7.

• We denote EndL = EndF(e)(Le) ∈ D(k) for any choice of non-virtual edge e of Ŝ
and Endv = EndF(v)(Lv,a) ∈ D(k) for each vertex v of Ŝ and any choice of incident
non-virtual halfedge a.
• We call the arc system kit of F positive if H0(EndL) ≃ H0(Endv) ≃ k, Hi(EndL) ≃
Hi(Endv) ≃ 0 for all v ∈ S0, i < 0 and finally if, for any weight −1 vertex v with
incident halfedge a ∈ e ∈ S1, the k-vector space H1(Endv) ≃ k is generated by the
extension arising from combining the cofiber sequence

Lv,a
unit−−→ radj(F(v a−→ e)) ◦ F(v a−→ e)(Lv,a) −→ TF(v)(Lv,a)

with the equivalence Lv,a ≃ TF(v)(Lv,a).

Lemma 5.8. Let v be a vertex of Ŝ with incident non-virtual halfedges a ̸= b.
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(1) Assume that v is an interior vertex. Then there exists an equivalence

RHomF(v)(Lv,a, Lv,b) ≃ Endv[−d(a, b)] .

(2) Assume that v is a boundary vertex. If a < b in the total order of halfedges at v, then

RHomF(v)(Lv,a, Lv,b) ≃ EndL[−d(a, b)] .

If a > b in the total order of halfedges at v, then

RHomF(v)(Lv,a, Lv,b) ≃ 0 .

Proof. We begin bu proving part (1). We perform an induction on the number of halfedges
appearing between a and b in the cyclic order. The base case of the induction is the case a = b,
in which case RHomF(v)(Lv,a, Lv,b) ≃ Endv by Lemma 5.6. We proceed with the induction
step. Let c be the successor of a at v. Denote the edges containing a and c by ea and ec,
respectively. Consider the restriction of the functor G′

v from Proposition 4.15 to a functor

G̃ : F(ec)→ F(v). We define the presentable stable ∞-category C via the cofiber sequence in
PrRSt (and also in PrLSt)

F(ec)
G̃−→ F(v) π−→ C .

Since the cofiber coincides with the fiber of the adjoint diagram, which can be computed in
LinCatk, we see that C is k-linear.

The left adjoint of π exhibits C as the full subcategory of F(v) spanned by those objects X

satisfying F(v c−→ ec)(X) ≃ 0. It follows that

RHomF(v)(Lv,a, Lv,b) ≃ RHomC(π(Lv,a), π(Lv,b)) .

However, in the following we want to consider C as another full subcategory of F(v), by instead
using the right adjoint of π. Namely, C is the full subcategory spanned by those objects X

satisfying F(v a−→ ea)(X) ≃ 0. These two embeddings of C into F(v) differ by applying the

twist functor TF(v) from Proposition 4.15, as follows from the fact that F(v a−→ ea)◦TF(v) and

F(v c−→ ec) are equivalent functors up to postcomposition with an equivalence, see [Chr22b,
Prop. 3.11]. Under this identification of C with a subcategory of F(v), by Definition 5.4 part
iii), we find π(Lv,b) ≃ Lv,b and π(Lv,c) ≃ Lv,c.

Observe that πG′
vF

′
v(Lv,c) ≃ πG̃(Lec) ≃ 0 by iii) of Definition 5.4. Applying π to the fiber

and cofiber sequence

Lv,c → G′
vF

′
v(Lv,c)→ TF(v)(Lv,c)

we thus obtain an equivalence Lv,c[1] ≃ π(TF(v)(Lv,c)) ≃ π(Lv,a)[1 − d(a, c)] ∈ C. Using the
induction assumption, we thus find

RHomF(v)(Lv,a, Lv,b) ≃ RHomC(Lv,c[d(a, c)], Lv,b)

≃ Endv[−d(c, b)− d(a, c)]
≃ Endv[−d(a, b)] ,

concluding the induction step and the proof of part (1).

Part (2) follows from a direct computation. For that, one uses that F(v) ≃ Fun(∆r−2,N ),
with r the valency of v andN the generic stalk. Under this equivalence, the objects correspond
to the objects described in part II of Construction 5.5, since an object in Fun(∆r−2,N ) is



PERVERSE SCHOBERS, STABILITY CONDITIONS AND QUADRATIC DIFFERENTIALS I 35

uniquely determined by its values under ϱ1, . . . , ϱr if these values are non-trivial for only two
of these functors5. □

5.3. Objects from arcs. Our next goal is to give a construction which assigns to a graded
curve an object in the ∞-category of global sections of a perverse schober with arc system
kit. This is reduced to a local problem by cutting the curve along arcs of a mixed-angulation
and then gluing the associated lax sections.

Let Ŝ be the extended ribbon graph of the dual graph S and F an Ŝ-parametrized perverse
schober equipped with an arc system kit.

Definition 5.9. Let e be a non-virtual edge of Ŝ (or equivalently an edge of S) with incident
vertices v, u (with v = u if e is a loop). Let a, b be the halfedges of e at v, u. We define a

global section Γe ∈ Γ(Ŝ,F) associated to e as the coCartesian section of the Grothendieck
construction of F with

Γe(x) =


Le x = e

Lv,a x = v

Lu,b x = u

0 else

and Γe(v
a−→ e) and Γe(u

b−→ e) describing the chosen equivalences F(v a−→ e)(Lv,a) ≃ Le and

F(u b−→ e)(Lu,b) ≃ Le. If v = u and e is thus a loop, we instead set Γe(v) = Lv,a ⊕ Lv,b.

Explicitly, the global section Γe can be depicted near e in the case v ̸= u and v, u lying at
interior singular points as follows:

0 0

. . . Lv,a Le Lu,b . . .

0 0

The section Γe vanishes on the remainder of Exit(Ŝ).
If v and u lie at boundary singular points, incident to the external edges h, h′, we can depict
Γe near e as follows.

. . . 0 0
...

F(v → h)(Lv,a) Lv,a Le Lu,b F(u→ h′)(Lu,b)

... 0 0
. . .

5This follows from the observation that for any subset I ⊂ {1, . . . , r} of cardinality r − 2 the fiber of∏
i∈I ϱi : Fun(∆r−1,N ) → N is equivalent to N and the two non-trivial functors induced by the ϱi are

equivalences. See also (4.2).
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The section Γe vanishes at the positions indicated by dots and on the remainder of Exit(Ŝ).

We define ΓS = {Γe}e∈S1 ⊂ Γ(Ŝ,F) to be the collection of objects corresponding to the edges
of the S-graph.

Remark 5.10. Given the collection of objects ΓS, we can recover the local objects contained

in the arc system kit by evaluating these global sections at the edges and vertices of Ŝ. For
instance, given an edge e, we recover Le ∈ F(e) as the value of the section Γe at e.

The definition of ΓS is a special case of a more general construction, which associates a global
section to graded arcs in Sw. Here, and throughout this section, a graded arc in Sw is a
graded curve in Sw in the sense of Definition 2.2, whose underlying curve is a compact arc
(see Definition 2.4).

We describe in the following how to associate global sections to arbitrary graded arcs. A
more explicit version of this general construction for one specific choice of F is also described
in [Chr21]. The general strategy is as follows. Given a graded arc η in Sw, we choose a
representative of its homotopy class and intersect it with the polygons comprising the given
mixed-angulation A of Sw. The representative of η is chosen to intersect the mixed-angulation
minimally. The intersections between A and (its dual) S define points on their edges, which
we call midpoints. Replacing η by a homotopic arc, we can assume that the intersections
between η and A lie at these midpoints.

The result is a decomposition of η into graded local curves, called segments, each lying in
a polygon of the given mixed-angulation and considered up to suitable homotopies. The
endpoints of the segments are the midpoints. We associate lax sections of F to the segments
of η, which we then glue in Construction 5.12 to produce the global section of F associated
with η.

δ0δ4

δ1δ2

δ5

δ6

•

•

•
•

• •

•
•

•
•

••

•
•

•

•

••• •

•

•◦

•

•◦

•

•◦

•

•◦

•

•◦
• •

•

•◦
•◦ •◦

Figure 5.4. The decomposition of an arc into segments

Example 5.11. Consider the weighted marked annulus S, with 5 singular points on one
of the boundary components and three interior singular points, which can be depicted as in
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Figure 5.4. The mixed-angulation A of S is depicted in blue and the dual S-graph S is depicted
in red. A graded arc η in S is depicted in green. Upon intersecting η with the polygons of the
mixed-angulation, η decomposes into 7 segments, δ0, . . . , δ6. The segments δ0, δ6 are of type
I (in the sense defined below), and the other segments are of type II.

Next, we define the two kinds of segments δv,i and δv,i,j appearing in Sw and the associated
lax sections of F .
Type I. Let v be a vertex of Ŝ and e an edge of S with halfedge a at v. We consider v as
a point in |S| ⊂ S and e as a subset of |S| ⊂ S. Consider the segment δv,a arising from the

halfedge a, whose endpoints are v and the midpoint of e. We let Γδv,a ∈ Γlax(Ŝ,F) be the lax
section of F defined via

Γδv,a(x) =


Le x = e

Lv,a x = v

0 else

and Γδv,a(v
a−→ e) being the coCartesian morphism describing the chosen equivalence F(v a−→

e)(Lv,a) ≃ Le.

Type II. Let v be a vertex of Ŝ and ea, eb two incident non-virtual edges of Ŝ with halfedges
a, b at v. Let δv,a,b be an embedded curve lying in the A-polygon containing v, starting from
the midpoint of ea and ending at the midpoint of eb. We first consider the case that δv,a,b
goes in the counterclockwise direction. We define

Γδv,a,b = fib(Γδv,a → Γδv,b [d(a, b)]) ,

as the fiber in Γlax(Ŝ,F) of a morphism in RHom
Γlax(Ŝ,F)

(Γδv,a ,Γδv,b) ≃ RHomF(v)(Lv,a, Lv,b)

corresponding via Lemma 5.8 to idLv,a ∈ Endv. Spelling out the definition, if a ̸= b, we
observe

Γδv,a,b(x) ≃


Lea x = ea ,

Leb [d(a, b)− 1] x = eb ,

fib(Lv,a → Lv,b[d(a, b)]) x = v ,

0 x ̸= v, ea, eb .

If a = b and v is not 1-valent, we instead choose some halfedge c ̸= a with edge ec, and define

Γδv,a,a = fib(Γδv,a,c → Γδv,c,a [d(a, c)− 1])

as the fiber of the (uniquely determined) morphism, which evaluates under F(v c−→ ec) to the
identity on Lec [d(a, c) − 1]. The result is independent on the choice of c, up to equivalence,
and we find

Γδv,a,a(x) ≃


Lea ⊕ Lea [d(v)− 1] x = ea ,

fib(Lv,a → Lv,a[d(v)]) x = v ,

0 x ̸= v, ea .

(5.4)

If a = b and v is 1-valent, we have TF(v)(Γδv,a)[d(v)− 1] ≃ Γδv,a , see Definition 5.4.v), and we
define Γδv,a,a = fib(Γδv,a → Γδv,a [d(v)]) ≃ G′

vF
′
v(Le) as the corresponding extension. There is

a canonical splitting as in (5.4) arising from the fact that Le ≃ G′
v(Lv).

Let δ′v,a,b be the same curve as δv,a,b but with the reversed clockwise orientation. We define

Γδ′v,a,b
= Γδv,a,b [1− d(a, b)] .
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Construction 5.12. We fix a graded arc η in S. We write η as the composite of segments
δ1, . . . , δm as above, with δi(1) = δi+1(0) lying at the midpoint of an edge ei of S.
The edge e1 canonically defines a graded arc e1(t) : [0, 1]→ Sw. Replacing η by a homotopic
arc if necessary, we can assume that η(t) = e1(t) for some ϵ > 0 and all 0 ≤ t ≤ ϵ. Using
the grading of e1 at e1(

ϵ
2) as a basepoint of the Z-torsor π1(e∗1P(TS)e1( ϵ

2
)), we denote by g1

the grading of η at η( ϵ2). For 2 ≤ i ≤ m − 1, we recursively define gi = gi−1 + d(a, b) − 1 if
the i-th segment of η wraps counterclockwise around the vertex of S from the halfedge a to
the halfedge b and gi = gi−1 + 1 − d(a, b) if the i-th segment of η wraps clockwise from the
halfedge a to the halfedge b.

Associated to each segment δi we have a lax section Γδi ∈ Γlax(Ŝ,F). By definition of Γδi(ei),
Γδi+1

(ei), we find

Γδi(ei)[gi] ≃ Lei [gi+1] ≃ Γδi+1
(ei)[gi+1] ,

unless e is a loop and δi or δi+1 have two endpoints at e. In that case, the above equivalences
are replaced by inclusions of direct summands and the construction in the following is adapted
accordingly.

We may thus glue Γδi and Γδi+1
to a lax section Γδi∗δi+1

by declaring

Γδi∗δi+1
(x) =

{
Γδi(x)[gi]⊕ Γδi+1

(x)[gi+1] x ̸= ei

Lei [gi+1] x = ei

on objects of Exit(Ŝ) and defining Γδi∗δi+1
on 1-simplices in the obvious way. Alternatively,

one can describe this gluing as a pushout as follows. We let Zei ∈ Γlax(Ŝ,F) be the section
with Zei(ei) = Lei and Zei(x) = 0 for x ̸= ei. Then we have morphisms of lax sections

Zei [gi+1] ↪→ Γδi [gi],Γδi+1
[gi+1] ,

which evaluate to the identity on Lei [gi+1] at ei ∈ Exit(Ŝ) and vanish everywhere else. The

section Γδi∗δi+1
is equivalent to the pushout of the following diagram in Γlax(Ŝ,F):

Zei [gi+1] Γδi [gi]

Γδi+1
[gi+1]

(5.5)

If η has only two segments, we find that Γη := Γδi∗δi+1
∈ Γ(Ŝ,F) already defines a global

section, and we are done. This happens for instance if η = e is an edge of S. Equipping e
with the canonical grading, the construction of Γη recovers in this case the construction of Γe

from the beginning of this section.

If η has three or more segments, we proceed with gluing Γδi−1
or Γδi+2

with Γδi∗δi+1
in a

similar way. Continuing this process, we obtain the section Γη ∈ Γlax(Ŝ,F) after gluing the
lax sections of all segments. It is straightforward to verify that Γη lies in the full subcategory

Γ(Ŝ,F) ⊂ Γlax(Ŝ,F), i.e. defines a coCartesian, meaning global, section.

5.4. Homs from (oriented) intersections. In this section we calculate, in certain cases,
the morphisms between objects of the sort constructed in the previous section in terms of
counts of intersections of the corresponding graded curves. This will be used in Section 5.5
to relate flips of S-graphs to tilting of hearts.
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Let Ŝ be the extended ribbon graph obtained from the dual graph S and F an Ŝ-parametrized
perverse schober equipped with an arc system kit.

Definition 5.13. Let η, ζ be two graded arcs in S. We choose representatives of η and ζ with
the minimal number of intersections.

• An interior intersection from η to ζ is a transverse intersection of η and ζ away from

their endpoints. We write
−→⋂

S◦(η, ζ) for the set of interior intersections from η to ζ.
• A singular intersection from η to ζ is an intersection of their endpoints at an interior

singular point. We write
−→⋂

∆(η, ζ) for the set of singular intersections from η to ζ.

Given x ∈
−→⋂

∆(η, ζ), we write vx for the vertex of S at which the intersection lies.
• A boundary intersection from η to ζ is an intersection at a boundary singular point of
S, satisfying the following directedness property: we ask that η comes before ζ when

going counterclockwise around v inside S. We write
−→⋂

∂S(η, ζ) for the set of boundary
intersections from η to ζ.

Each intersection x as defined above is directed, i.e. involves an ordering of its involved graded
arcs, and this is needed to make sense of the intersection index d(x) ∈ Z of the intersection
(cf. the discussion after Definition 2.2).

Proposition 5.14.

(1) Let e ̸= h be two edges of S. Then

RHom
Γ(Ŝ,F)

(Γe,Γh) ≃
⊕

x∈
−→⋂

∆(e,h)

Endvx [−d(x)]⊕
⊕

x∈
−→⋂

∂S(e,h)

EndL[−d(x)] , (5.6)

see also Definition 5.7 for the definition of Endvx and EndL.
(2) Let e be an edge of S connecting the vertices v, u. Define Ende,v,u as the following

pullback in the derived ∞-category D(k).

Ende,v,u Endv

Endu EndL

⌟ F(v→e)

F(u→e)

If v ̸= u, then

End
Γ(Ŝ,F)

(Γe) ≃ Ende,v,u .

If v = u, then e is a loop with halfedges a ̸= b at v, and

End
Γ(Ŝ,F)

(Γe) ≃ Ende,v,u⊕Endv[−d(a, b)]⊕ Endv[−d(b, a)] .

In particular, if the arc system kit is positive, then ΓS forms a simple-minded collection in the
stable ∞-category it generates, meaning that for all e, h ∈ S1

Exti(Γe,Γh) = HiRHom
Γ(Ŝ,F)

(Γe,Γh) ≃


k for i = 0 and e = h ,

0 for i = 0 and e ̸= h ,

0 for i < 0 .

Proof. We only prove part (1), part (2) follows from a similar argument. Using that

RHom(-,Γh) : Γlax(Ŝ,F)op → D(k)
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preserves limits and that Γe is the pushout of a diagram as in (5.5), we find that RHom(Γe,Γh)
fits into a pullback diagram in D(k) as follows.

RHom
Γlax(Ŝ,F)

(Γe,Γh) RHom
Γlax(Ŝ,F)

(Γδ1 ,Γh)

RHom
Γlax(Ŝ,F)

(Γδ2 ,Γh) RHom
Γlax(Ŝ,F)

(Ze,Γh)

⌟

Here δ1, δ2 denote the two segments of the edge e considered as a graded arc. Let v1, v2
be the two vertices of S at which δ1, δ2 lie and let p : Γ(F) → Exit(S) be the Grothendieck
construction of F . The lax sections Γδ1 ,Γδ2 and Ze are p-relative left Kan extensions of their
restrictions to v1, v2 and e, respectively. Hence, we find

RHom
Γlax(Ŝ,F)

(Γδ1 ,Γh) ≃ RHomF(v1)(Γδ1(v1),Γh(v1))

RHom
Γlax(Ŝ,F)

(Γδ2 ,Γh) ≃ RHomF(v2)(Γδ2(v2),Γh(v2))

RHom
Γlax(Ŝ,F)

(Ze,Γh) ≃ RHomF(e)(Ze(e),Γh(e)) ≃ RHomF(e)(Le, 0) ≃ 0 .

It follows that

RHom
Γlax(Ŝ,F)

(Γe,Γh) ≃ RHom
Γlax(Ŝ,F)

(Γδ1 ,Γh)⊕ RHom
Γlax(Ŝ,F)

(Γδ2 ,Γh) .

We only describe the first direct summand above, the second can be described analogously.
If h has no endpoints at v1, then by construction Γh(v1) ≃ 0 and hence

RHom
Γlax(Ŝ,F)

(Γδ1 ,Γh) ≃ 0 .

We have Γδ1(v1) = Lv1,a with a the halfedge of e at v1. If h has endpoints at v1, either one
or two, then Γh(v1) is the direct sum of one or two objects Lv1,b, where b is a halfedge of h at
v1. By Lemma 5.8, we have

RHomF(v1)(Lv1,a, Lv1,b) ≃ Endv1 [−d(a, b)]
if v1 has finite weight and

RHomF(v1)(Lv1,a, Lv1,b) ≃ EndL[−d(a, b)]
if v1 has weight ∞ and a < b. We observe that d(a, b) = d(x) is the degree of the intersection
x of e, h at v1. Assembling the results of the above computations yields (5.6). □

Remark 5.15. Proposition 5.14 is a special case of a more general description of the derived
Homs between two objects Γη,Γζ associated to two graded arcs η, ζ in terms of intersections.
We expect that in favorable situations, namely that η and ζ together cut out no discs in S\M ,
there is an equivalence

RHom
Γ(Ŝ,F)

(Γη,Γζ) ≃
⊕

x∈
−→⋂

∆(η,ζ)

Endvx [−d(x)]⊕
⊕

x∈
−→⋂

S◦ (η,ζ)∪
−→⋂

∂S(η,ζ)

EndL[−d(x)] .

If η and ζ together cut out discs, there are counter-examples to this description, see [Chr21].

The next Lemma 5.16 expresses that in typical situations taking cones along morphisms
arising from an intersection corresponds geometrically to smoothing the intersection.

Lemma 5.16. 1◦. Let e, h be two edges of S, with a singular intersection or boundary
intersection x from e to h at a vertex v. Let

βx : Γe → Γh[d(x)]
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be the morphism corresponding via Proposition 5.14 to the identity in Endv or EndL
in the summand of the intersection x. There exists an equivalence in Γ(Ŝ,F)

fib(βx) ≃ Γη, (5.7)

where η is the graded arc obtained from e and h by smoothing out the intersection x
in the counterclockwise direction. This is illustrated on the left in Figure 5.5.

2◦. Suppose that the arc system kit is positive and let e be an edge of S incident to two
vertices v, u with u of weight −1. Let η be the graded monogon arc, going from v to v
enclosing u, such that Γη ≃ cof(Γe[−1]→ Γe) is the non-split self-extension of Γe. Let
h ̸= e be an edge incident to u and ζ the counterclockwise smoothing of the intersection
y of η and h, as depicted in Figure 5.5. Consider the morphism

βy : Γη → Γh[d(e, h)]

arising from the commutative square

Γe[−1] Γe

0 Γh[d(e, h)]

βx

where βx is the morphism arising from the intersection, denoted x, of e and h at v.
Then

fib(βy) ≃ Γζ . (5.8)

y

η

ζ

h

e

•◦•◦

•◦

•◦
u

v
· · ·

x

η

•◦ ··
·

··
·

h

•◦

•◦ •◦

•◦•◦

e

Figure 5.5. The smoothings of intersections.

Proof. We only prove part (1), part (2) can be proven analogously. The morphism βx eval-
uates trivially at all edges of S and all vertices except v. Let a and b be the halfedges of
e, respectively h, at v participating in the intersection x. Evaluating at v, we obtain the
morphism βx(v) : Lv,a → Lv,b[d(x)] ≃ Lv,b[d(a, b)], whose fiber describes the value at v of the
section associated with a type II segment in Section 5.3. This shows fib(βx) ≃ Γη. □
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5.5. Flip equivalences revisited. In this section, which is central to the paper, we relate
mixed-angulations and their flips to hearts and their tilts in∞-categories of global sections of
perverse schobers with positive arc system kit. We first construct finite hearts whose simples
correspond to the edges of an S-graph. Then, we show that if a perverse schober admits an
arc system kit, then so does the induced schober on the flipped S-graph. Finally, we state
and prove the main result of this section on flips and tilts.

As previously, let Ŝ be the extended ribbon graph obtained from the dual graph S and F an

Ŝ-parametrized perverse schober equipped with an arc system kit.

Definition 5.17. We define C(S,F) ⊂ Γ(Ŝ,F) as the idempotent complete stable subcategory
generated by the collection of objects ΓS associated with the edges of S, see Section 5.3.

Proposition 5.18. If the arc system kit is positive, then C(S,F) admits a finite heart C(S,F)♡
with simples ΓS.

Proof. The positivity of the arc system kit implies by Proposition 5.14 that ΓS is a simple-
minded collection. The proposition is thus shown in Corollary 9.5 of [KN12]. □

Let e be an edge of S and S♭ the backward flip of S at e. By Proposition 5.3, we get an in-

duced Ŝ♭-parametrized perverse schober F ♭ and an equivalence of∞-categories µ♭e : Γ(Ŝ,F) ≃
Γ(Ŝ♭,F ♭). As observed in Remark 5.10, we can recover the local objects in the arc system
kit by evaluating the objects in ΓS. The following data is thus a canonical choice to define (a

part of) an arc system kit for F ♭:

• Let f be an edge of S. Note that f determines an edge f ♭ of S♭ (since a backward flip
induces a bijection between the edges of the S-graphs). This is understood to mean in

the case f = e, that e♭ = e[−1]. For f ♭ ̸= e♭, we set L♭
f♭ = µ♭e(Γf )(f

♭) ∈ F ♭(f ♭). We

further set L♭
e♭

= µ♭e(Γe)(e
♭)[−1].

• Let v be a vertex of S♭ with an incident halfedge a. Then a is part of an edge
f of S♭. By considering f as a graded arc, there is an associated global section

Γf ∈ Γ(Ŝ,F). If f ̸= e♭, we set L♭
v,a = µ♭e(Γf )(v) ∈ F ♭(v). If f = e♭, we set

L♭
v,a = µ♭e(Γe)(v)[−1] ≃ µ♭e(Γe♭)(v). Note that if f is a loop, one finds that µ♭e(Γf )(v)

has two non-zero direct summands, and we instead choose L♭
v,a as the direct summand

whose image under F ♭(v
a−→ f) is non-zero.

Proposition 5.19. The data {L♭
f}f∈S♭1 , {L

♭
v,a}v∈S♭0,a∈H(v) defined above extends to an arc

system kit for F ♭.

Proof. To complete the data of an arc system kit for F ♭, we need to specify equivalences as
in iii)-v) in Definition 5.4.

In the following, to avoid overloaded notation, we identify the vertices of S♭ with the vertices
of S, and treat e as both an edge of S and S♭. When we consider the corresponding graded
arc arising from the edge of S♭, we indicate this by writing e♭.

Let v, u be the two vertices incident to e (possibly identical). We only treat the case that e is
not incident to a singular point of weight −1, in the other case a similar argument to below
applies. Under the flip at e, the S-graph changes by moving between 0 and 2 halfedges incident
to v, u. In the case that the flip moves no halfedges, we have F = F ♭ and the statement of
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the proposition follows immediately. The case that the flip moves two halfedges is analogous
to the case that a single halfedge moves, which we thus treat in the following.

We introduce the following notation: we let d be the halfedge which is moved under the
backward flip from v to u, and denote by h the edge containing d. We let a1 be the halfedge

predecessor of d and a2 the halfedge successor of d (in the counterclockwise direction) in Ŝ.
We let b2 be halfedge of e incident to u and b1 its halfedge predecessor in Ŝ. These halfedges
are also depicted in Figure 5.6.

v ··
·

· · ·
· · ·
u

h

•◦•◦ •◦

•◦•◦

•◦ •◦

e

b1d
b2a1

a2

Figure 5.6. The S-graph S near the edge e.

It is straightforward to see that we have all equivalences in iii), and those equivalences as
in iv) and v) which do not involve d or halfedges of e. We next construct these remaining
equivalences.

Let Ŝ∧ be the ribbon graph from which Ŝ and Ŝ♭ arise via contractions c1, c2, i.e. the central one
in Figure 5.1. We have an Ŝ∧-parametrized perverse schober F∧ with equivalences (c1)∗(F∧) ≃
F and (c2)∗(F∧) ≃ F ♭. We have that F ♭(v) ≃ F∧(v). By [Chr22b, Lem. 4.26, Prop. 4.28],

there is a functor πv : F(v) → F∧(v) ≃ F ♭(v), arising from the pullback diagram involving

F(v) and F∧(v). The functor admits a fully faithful left adjoint ιv : F ♭(v) ≃ F∧(v) → F(v)
which exhibits F ♭(v) as the fiber of the functor F(v d−→ h). We note that ιv(L♭

v,ai) ≃ Lv,ai for
ai ̸= d a halfedge at v, as follows from unraveling the definitions. Since ιv is fully faithful, we
thus also have L♭

v,ai ≃ π
v(Lv,ai).

If v has weight ∞, all equivalences at v as in iv) thus arise from the data in iv) of the arc
system kit of F . Now assume that v has finite weight.

By the data in v) of the arc system kit of F , we have TF(v)(Lv,d) ≃ Lv,a2 [1−d(d, a2)]. The fiber
of πv contains the image of the right adjoint F(v d−→ h)R of F(v d−→ h). Hence πv◦G′

vF
′
v(Lv,d) ≃

πv ◦ F(v d−→ h)R(Le) ≃ 0, by the data from iii), with F ′
v, G

′
v as in Proposition 4.15. Applying

πv to the fiber and cofiber sequence

Lv,d → G′
vF

′
v(Lv,d)→ TF(v)(Lv,d)

we thus obtain by v) an equivalence πv(Lv,d) ≃ πvTF(v)(Lv,d)[−1] ≃ πv(Lv,a2)[−d(d, a2)] ≃
L♭
v,a2 [−d(d, a2)]. Note that d(d, a2) = d♭(a1, a2).

Composing with the equivalence obtained from applying πv to the equivalence Lv,d ≃ TF(v)(Lv,a1)
(note that 1 = d(a1, d)) yields the equivalence

L♭
v,a2 [−d

♭(a1, a2)] ≃ πvTF(v)(Lv,a1) .
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We have Le♭ ≃ Le[−1], and thus L♭
v,a1 ≃ π

v(Lv,a1)[−1]. We further find that

πvTF(v)(Lv,a1) ≃ TF♭(v)π
v(Lv,a1) ,

which uses that the unit of F ′
v ◦ ιv ⊣ πv ◦ G′

v at L♭
v,a1 arises from applying πv to the unit of

F ′
v ⊣ G′

v at Lv,a1 . Combined, this yields L♭
v,a2 [1− d

♭(a1, a2)] ≃ TF♭(v)(L
♭
v,a1), as desired for v).

This concludes the construction of the data at the vertex v. We proceed with constructing
the data at the vertex u.

Assume that u has finite weight. We first show that TF♭(u)(L
♭
u,b2

) ≃ L♭
u,d (note that d

♭(d, b2) =

1). Unraveling the definition of F ♭, one finds the following pullback diagram of ∞-categories.
More specifically, one uses for this the local model for perverse schobers, see Proposition 4.7,
Proposition 4.8, and [Chr22b, Lem. 4.26]. Note that the existence of the pullback diagram
also directly follows from [Chr22b, Lem. 4.26] by using the observation that the spherical

functors underlying F and F ♭ at u agree.

F ♭(u) F(u)

Fun(∆1,F(e)) F(e)

πu

⌟ F(u
b2−→e)

ev1

Here, Fun(∆1,F(e)) ≃ F∧(u∧) is the value of F∧ at the central trivalent vertex u∧ in
Figure 5.1 which is collapsed with u by the contraction c2. The images of the objects
L♭
u,b2

, L♭
u,d in F(u) agree, given by Lu,b2 , but differ in Fun(∆1,F(e)). Namely, the image

of L♭
u,b2

is given by
(
Le

id−→ Le

)
[−1] ∈ Fun(∆1,F(e)), and the image of L♭

u,d is given by

(0→ Le) ∈ Fun(∆1,F(e)). One finds that the equivalence TF♭(u)(L
♭
u,b2

) ≃ L♭
u,d reduces to

the apparent equivalence TF♭(u∧)(Le
id−→ Le)[−1] ≃ (0→ Le), which arises from the fiber and

cofiber sequence

(Le
id−→ Le)[−1] −→ (Le → 0)[−1] −→ (0→ Le) .

We next show that TF♭(u)(L
♭
u,d) ≃ L♭

u,b1
[1− d♭(b1, d)]. Let (F ′

u)
♭ ⊣ (G′

u)
♭ be the adjunction of

Proposition 4.15 arising from F ♭ at u. The element (G′
u)

♭(F ′
u)

♭(L♭
u,d) ∈ F ♭(u) is mapped by

πu to G′
uF

′
u(Lu,b2), since F

′
u(Lu,b2) ≃ (F ′

u)
♭(L♭

u,d) and G
′
u ≃ πu ◦ (G′

u)
♭. Thus, TF♭(u)(L

♭
u,d) is

mapped by πu to TF(u)(Lu,b2) ≃ Lu,b1 [1− d(b1, b2)] ∈ F(u), where d(b1, b2) = d♭(b1, d).

Further, (G′
u)

♭(F ′
u)

♭(L♭
u,d) is mapped to (0 → Le) ∈ Fun(∆1,F(e)): this follows from using

properties 2◦, 3◦ from Definition 4.4 and the observations that the functor F ♭(b2) (where we

consider b2 as a morphism in the exit path category) factors as F ♭(u)→ Fun(∆1,F(e)) ev0[1]−−−→
F(e) and similarly F ♭(d) factors as F ♭(u) → Fun(∆1,F(e)) cof−−→ F(e). We thus obtain that

TF♭(u)(L
♭
u,d) is mapped to (0→ 0) ∈ Fun(∆1,F(e)).

Using the above two observations, we also find that the image of L♭
u,b1

in Fun(∆1,F(e))
vanishes, thus agreeing with the value of TF♭(u)(L

♭
u,d) in Fun(∆1,F(e)).

We have thus shown that TF♭(u)(L
♭
u,d) and L

♭
u,b1

[1 − d♭(b1, d)] are equivalent when restricted

to F(u) and vanish in Fun(∆1,F(e)), and thus also when restricted to F(e). In total, this

implies that TF♭(u)(L
♭
u,d) ≃ L♭

u,b1
[1− d♭(b1, d)] in the pullback F ♭(u).
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Finally, consider the case that u has infinite weight. As in the finite weight case, we find that
the objects L♭

u,d, L
♭
u,b2

both restrict in F(u) to Lu,b2 and that L♭
u,d1

restricts in F(u) to Lu,d1 .

The remaining equivalences as in iv) are thus obtained from the corresponding equivalences
as in iv) for the arc system kit of F using the observation that the functor corresponding to

the virtual halfedge factors through F ♭(u)
πu

−→ F(u) by [Chr22b, Lem. 4.26.2]. This concludes

the construction of the arc system kit for F ♭. □

We denote by Γ♭
γ the global section of F ♭ associated with a graded arc γ, defined via the arc

system kit from Proposition 5.19. There is an apparent dual version of Proposition 5.19 for

the forward flip, giving the global sections Γ♯
γ of F ♯.

Lemma 5.20. Let e ∈ S1 be an edge of the S-graph and e♭ = e[−1] the corresponding edge of

the backward flip S♭ at e. The flip equivalence

µ♭e : Γ(Ŝ,F) ≃ Γ(Ŝ♭,F ♭)

at e satisfies for all graded arcs γ

µ♭e(Γγ) ≃ Γ♭
γ . (5.9)

In particular, we find that µ♭e(Γe) ≃ Γ♭
e ≃ Γ♭

e[−1][1] = Γ♭
e♭
[1].

A similar statement holds for the forward flip.

Proof. Denote by v1, v2 the two vertices incident to e. The construction of global sections
from arcs is local in the ribbon graph and so is the action of the backward flip equivalence
on global sections. It thus suffices to prove the assertion for local arcs in the small weighted
marked surface containing v1, v2.

Let S|e be the subgraph of S containing the edge e, v1, v2 as well as all other halfedges
incident to v1, v2 (these giving rise to external edges). If e is a monogon arc, then v1 = v2,
but the argument below does not change in an essential way. Labeling the two corresponding
vertices of S♭ also by v1, v2, we similarly define S♭|e as the subgraph of S♭ containing v1, v2
as well as their incident halfedges, giving rise to external edges except for the internal edge
e[−1]. Denote by F|e and F ♭|e the corresponding restricted perverse schober. The graphs

S|e,S♭|e describe S-graphs (with the 1-valent boundary vertices removed, note that this does
not affect the categories of global sections) for the weighted marked surface containing v1, v2
and a boundary singular point for every external edge of S|e.

The backward flip induces an equivalence of global sections µ♭e : Γ(S|e,F|e) ≃ Γ(S♭|e,F ♭|e).
The edges of S|e, considered as graded arcs, give rise to a generating collection of the ∞-
category Γ(S|e,F|e) and other arc objects in Γ(S|e,F|e) arise as repeated cones between these
objects (which geometrically correspond to smoothing out singular intersections). It thus
suffices to show the assertion for arcs given by the edges of S|e. Inspecting the definition of

the arc system kit for F ♭|e, it is immediate that µ♭e(Γf ) ≃ Γ♭
f for each edge f ̸= e of S|e that

is not moved by the backward flip.

The flip equivalence µ♭e acts trivially on the full subcategories of Γ(S|e,F|e),Γ(S♭|e,F ♭|e)
consisting of sections which vanish at all external edges of S|e and S|♭e. Thus µ♭e(Γe) ≃ Γ♭

e.

Finally, it remains to describe the action of µ♭e on arc objects arising from edges of S|e that are
moved by the backward flip. For simplicity of notation, we assume that a single edge f of S|e
is moved. Replacing F by an equivalent perverse schober, we may assume that F(f) = F(e).
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Reading Figure 5.1 from right to left, we obtain the span of contractions corresponding to
the backward flip at e. We can depict the arising perverse schober F∨|e (determined up to
equivalence) parametrized by the middle ribbon graph S∨|e in Figure 5.1 as follows:

. . . F(e) = F(f)

. . . F ♭(v1) F(e) Fun(∆1,F(e)) F(e) F(v2) . . .

. . . . . .

π0[1] π1

cof

The dots indicate the values at the remaining external edges. As a coCartesian section of the
Grothendieck construction of the above diagram, the object Γf ∈ Γ(S|e,F|e) ≃ Γ(S∨|e,F∨|e)
can be depicted as follows:

. . . 0 Le . . .

0 L♭
v1,a Le (Le[−1]→ 0) 0 0 0

. . . 0 0 . . .

π0[1] π1

cof

Here a denotes the halfedge of e at v1. With this, we can compute the corresponding global
section of F ♭|e induced by the contraction equivalence, and find that it is the arc object
associated with the graded arc f , which is the composite of two segments in the mixed-
angulation dual to S♭|e, namely one segment of the first kind at v2 and one segment of the
second kind at v1. □

Corollary 5.21. The equivalence µ♭e restricts to an equivalence between the stable subcate-
gories

µ♭e : C(S,F) ≃ C(S♭,F ♭) (5.10)

generated by ΓS and ΓS♭ respectively. A similar statement holds for the forward flip.

Proof. Combine Lemma 5.16 and Lemma 5.20. □

Tilting the objects ΓS corresponds to the passage to the objects associated with the edges of
the flipped S-graph.

Theorem 5.22. Suppose that F is equipped with a positive arc system kit and let e ∈ S1 be
an edge. Then (µ♭e)

−1(C(S♭,F ♭)♡) is the backward tilt of C(S,F)♡ at Γe in C(S,F), i.e.

(C(S,F)♡)♭Γe
= (µ♭e)

−1(C(S♭,F ♭)♡). (5.11)

Dually, (C(S♭,F ♭)♡)♯Γe[−1]
= µ♭e(C(S,F)♡).

Proof. We first notice that the hearts in the proposition are all finite by construction. In the
following, we write H for the RHS of (5.11) and H0 for C(S,F)♡. Applying (5.7) (in the usual

flip case) or (5.8) (in the monogon flip case), we can pair each simple X♭ ̸= Γe[−1] of H with
a simple X ̸= Γe of H that sits in a triangle

L[−1]→ X → X♭ → L
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for some L, which is either zero, Γe or is a self-extension of Γe. Note that L is a self-extension
of Γe only in the monogon case when the simpleX♭ corresponds to the arc ζ in the right picture
of Figure 5.5, cf. Example 3.4. Thus we deduce that H0[−1] ≤ H ≤ H0, see Section 3.1 for
the notation. Hence (e.g. by [KQ15, Rem. 3.3]) H is a backward tilt of H0 with respect to
the torsion pair

Fe = H∩H0 and Te = H[1] ∩H0 .

Let ⟨Γe⟩ ⊂ H0 be the extension closure of Γe. We have ⟨Γe⟩ ⊂ Te and X ∈ Fe for any simple
X ̸= Γe in H0.

Now take any M ∈ Te = H[1] ∩H0, by Prop. 3.2, there is a short exact sequence in H0

0→M ′ →M
f−→ Γ̂e → 0

for Γ̂e ∈ ⟨Γe⟩, f a left ⟨Γe⟩-approximation and HomH0(M
′,Γe) = 0. Then f [−1] is surjective in

H, which implies thatM ′[−1] = ker(f [−1]) ∈ H andM ′ ∈ Te. Using that HomH0(M
′, X) = 0

for any other simple X ̸= Γe in H0 (since X ∈ Fe), we deduce that HomH0(M
′,SimH0) = 0,

which implies M ′ = 0. We thus have M = Γ̂e, and therefore Te = ⟨Γe⟩. In other words,

H = (H)♭Γe
as claimed. □

Remark 5.23. Note that when flipping at a usual arc (cf. Figure 2.2), one only needs to
apply the formulae in Remark 3.3 (for rigid simple tilting) to prove the proposition above. In
the case of flipping at a monogon arc (cf. Figure 2.3), one has the formulae in Proposition 3.2,
or more precisely, in the case of Example 3.4 for S = Γe[−1] and H as above.

6. Application: quadratic differentials as stability conditions

In this section, we apply the construction of hearts from positive arc system kits to prove
the correspondence between quadratic differentials and stability conditions. For this, we use
Theorem 5.22, which essentially states that the flip equivalence from Proposition 5.3 acts on
the corresponding arc system as a simple tilt. This leads to an isomorphism between the
exchange graphs of S-graphs and hearts. We then follow the strategy of [BS15, BMQS24] to
obtain an isomorphism between the complex manifolds of quadratic differentials and stability
conditions. Note that our setting is more general than the one in [BMQS24], in that we allow
simple poles, double poles, and exponential singularities of quadratic differentials (which
correspond to the boundary vertices of the S-graphs).

6.1. Generic-finite components via exchange graph of finite hearts. Before special-
izing to the case of surfaces and schobers with a positive arc system kit, we recall here the
general relation between the exchange graph of hearts and the space of stability conditions of
a triangulated category.

Let D be a triangulated category. For the definition of the space of stability conditions StabD
we refer to [Bri07].

Lemma 6.1. [Bri07] Giving a stability condition σ on D is equivalent to giving a stability
function on a heart H of D satisfying the HN-property. We say that such σ are supported on
H.
In particular, if H is finite, then the coordinates {Z(S) | S ∈ SimH} give an isomorphism
U(H) ∼= HSimH, where U(H) consists of stability conditions supported on H.
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Here H denotes the union of the open upper half plane in C with the negative real axis.

Let EG◦D be a connected component of the exchange graph of hearts in D consisting of finite

hearts. For each simple tilting H → H′ = H♯
S , there is codimension 1 wall where Z(S) ∈ R>0,

∂♯S U(H) := ∂♭S[1]U(H
′) := U(H) ∩U(H′).

Denote by

Stab◦0D =
⋃

H∈EG◦ D

U(H), (6.1)

Stab◦2D = Stab◦0D(Γ) ∪
⋃

H∈EG◦ D, S∈SimH

∂♯S U(H), (6.2)

which is connected, and Stab◦D the connected component containing it. In particular,
Stab◦D also contains C · Stab◦2. Note that the subset Stab◦2D is analogous to the set B2

of quadratic differentials as in Section 6.3.

By the same argument as in [Qiu15, §3], the cell structure determines an embedding of the
exchange graph as a skeleton for the space of stability conditions, uniquely up to homotopy,

℘D : EG◦D → Stab◦D . (6.3)

so that the image is dual to Stab◦2D∖Stab◦0D.

Definition 6.2. Suppose that any heart in EG◦D is finite as above. Stab◦D is called

• a finite type component, if Stab◦D = Stab◦0D;
• a generic-finite type component, if Stab◦D = C · Stab◦0D and it is not of finite type.

[QW18] proved that, if any H in EG0 has only finitely many torsion pairs, then the finite type
component Stab0D is contractible. The components from surfaces are often of generic-finite
type, cf. [BS15, HKK17, KQ20, BMQS24].

6.2. Isomorphisms between exchange graphs. We fix a weighted marked surface Sw

with an initial mixed-angulation A with dual S-graph S = A∗ and extended ribbon graph

Ŝ. We also fix an Ŝ-parametrized perverse schober F together with a positive arc system
kit. By definition, C(S,F) is the smallest idempotent complete and stable subcategory of the

∞-category of global sections Γ(Ŝ,F) containing the objects ΓS associated with the edges of

Ŝ.
We consider the exchange graphs EG(C(S,F)) of finite hearts, see the previous section,
EG(Sw) of mixed-angulations, see Definition 2.9, and EGS(Sw) of S-graphs, see Remark 2.10.

There is a map between directed graphs EG(Sw)→ EGS(Sw), which sends a mixed-angulation
to its dual. Note that this map is not necessarily injective (e.g. the rotation of the marked
points on a boundary component, corresponding to a higher order pole, changes a mixed-
angulation but usually not the dual S-graph). These two graphs are thus not canonically
isomorphic, and we use EGS(Sw) to compare with the exchange graph of finite hearts. Nev-
ertheless, each connected component of EG(Sw) maps to a connected component of EGS(Sw),
and both graphs are (m,m)-regular, meaning that each vertex is 2m-valent with eachm arrows
coming in and coming out. Here m is the number of interior edges in any mixed-angulation.

A direct corollary of Theorem 5.22 is the following.
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Corollary 6.3. The arc-to-object correspondence induces an injection

ιΓ : EGS(Sw) → EG(C(S,F))
T 7→ C♡T ,

(6.4)

where C♡T is the heart generated by the simples Sim C♡T = ΓT. Denote by EG•(C(S,F)) the
image of ιΓ, which consists of connected components. In particular, any heart in EG•(C(S,F))
is finite.

Proof. For any S-graph T together with a sequence of forward and backward flips from S to
T, we obtain a T-parametrized perverse schober F ′ together with an equivalence Γ(S,F) ≃
Γ(T,F ′) by Proposition 5.3. Then we pull back the canonical heart C(T,F ′)♡ of C(T,F ′) to

a heart C♡T in C(S,F) generated by the set of its simples ΓT. That forward flips correspond to
simple forward tiltings can be deduced from Theorem 5.22. What is left to show is injectivity
of the map ιΓ. In fact, we will prove the stronger injectivity of the arc-to-object (arc-to-global
section) correspondence η 7→ Γη.

Consider two graded arcs e and h with Γe ≃ Γh. We show that e = h. Using the equivalences
from Section 4.4, we find that it suffices to consider the case when e is an edge of S. The

global section Γh ≃ Γe evaluates trivially at all objects in Exit(Ŝ) arising from edges of S,
except e. If h has segments away from e, we thus have Γe ̸≃ Γh. If h has more than two
segments, we also find Γe(e) ̸≃ Γh(e). It follows that e = h. □

6.3. Isomorphisms between moduli spaces. Next, we upgrade the injection in Corol-
lary 6.3 into an injection between complex manifolds, whose image is a union of connected
components. As the proof closely follows the ones in [BS15, BMQS24], we only highlight
the differences caused by exponential singularities. For standard terminologies such as (sad-
dle/recurrent) trajectories, see e.g. [BS15, § 3].

To start with, we have FQuad(Sw), the moduli space of Sw-framed quadratic differentials.
There is a stratification

B0 = B1 ⊂ B2 ⊂ · · · ⊂ FQuad(Sw)

where the subspace

Bp := Bp(Sw) = {q ∈ FQuad(Sw) : rq + 2sq ≤ p}

is defined by the number sq of saddle trajectories and the number rq of recurrent trajectories.
Let Fp = Bp ∖Bp−1.

Lemma 6.4. Let m2 be the number of order 2 poles. Then Bp = FQuad(Sw) if p ≥
4 dimH1(Sw) +m2. Furthermore, we have FQuad(Sw) = C ·B0(Sw).

Proof. The set of saddle trajectories is linearly independent in H1(Sw), cf. [BS15, Lem. 3.2]
and thus sq ≤ dimH1(Sw). As for each recurrent trajectory, it is bounded by a ring domain,
either around a double pole or some (at least one) saddle trajectories. On the other hand,
each saddle trajectory can appear in at most two boundaries of recurrent trajectories. Thus,
rq ≤ 2sq +m2. To sum up, the first assertion holds.

For the second statement, we only need to notice that there are finitely many points in ∆ and
there are at most countably many compact arcs which are saddle trajectories. □
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Next, recall from Subsection 2.3 that there is the period map (2.2), defining a local home-
omorphism. Applying the surface perturbation arguments of [BMQS24, § 4], we obtain the
following result. In the following, polar type (−2) refers to the case that ∂Sw = ∅ and
M ⊂ S◦

w consists of a single point/puncture.

Proposition 6.5. Suppose that the polar type of FQuad(Sw) is not (−2). If p > 2, then each
component of the stratum Fp contains a point q and a neighbourhood U ⊂ FQuad(Sw) of q
such that U ∩ Bp is contained in the locus

∫
α

√
q ∈ R for some α ∈ H1(Sw), and that this

containment is strict in the more precise sense that U ∩Bp−1 is connected.

As a consequence, we find that any path in FQuad(Sw) is homotopic relative to its endpoints
to a path in B2.

In particular, connected components of FQuad(Sw) are in one-to-one correspondence with
connected components of EG(Sw). Denote by FQuadS(Sw) the quotient moduli space of
FQuad(Sw), where we identify two connected components if the corresponding exchange
graphs of mixed-angulations share the same dual exchange graphs of S-graphs.

As in [BS15, KQ20, BMQS24], we can complexify the isomorphism in Corollary 6.3 as follows:

• Using the correspondence η 7→ Γη for η in the initial S-graph S, one identifies the
Grothendieck group and the homology group H1 as κ : K0(C(S,F)) ∼= H1(Sw).
• We first define a map ιΓ from B0(Sw), the saddle-free part of FQuadS(Sw), to
Stab(C(S,F)). More precisely, given a saddle-free quadratic differential ϕ, the union
of those saddle connections that cross a single horizontal strip is an S-graph Tϕ of

Sw and hence corresponds to a heart C♡T . Then we map ϕ to the stability condition

σ determined by C♡T with central charge given by the period map in eq. (2.1), i.e.
Z =

∫
◦ κ.

• Extend the map ιΓ from B0 to B2 continuously by compatible C-actions on both sides.
This is the analogue of [BS15, Prop. 10.7], as the key is the identification between the
Grothendieck group and the homology group above and how they change after tilting
or flip (which follows from (6.4)).
• Finally, extend the map ιΓ from Bp to Bp+1 inductively. Here, we use the same
argument as [BS15, Prop. 5.8], cf. paragraph Extension-to-non-tame-differentials in
[BMQS24, § 7.2], and the walls-have-ends property on any connected component of
Fp Proposition 6.5 is essential.
• A remark is that the Sw-framing (also known as Teichmüller framing) of the quadratic
differentials identifies connected components of the exchange graphs (of S-graphs) and
of the moduli spaces. See [KQ20, Sec. 4.1] for detailed discussion on (two versions of)
framing.

Hence we obtain the result, as in [BS15, KQ20, BMQS24].

Theorem 6.6. Consider a weighted marked surface Sw whose set of marked points is non-
empty and that is not a closed surface with a single marked point. Assume further given

an initial mixed-angulation with dual S-graph S = A∗ and extended ribbon graph Ŝ and an

Ŝ-parametrized perverse schober F together with a positive arc system kit. The injection ιΓ in
Corollary 6.3 extends to a map between complex manifolds

FQuadS(Sw)→ Stab(C(S,F)) , (6.5)
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which is an isomorphism onto its image. We denote its image by Stab•(C(S,F)), which
consists of generic-finite components corresponding to EG•(C(S,F)).

7. First examples of perverse schobers with arc system kits

In this section, we construct two classes of perverse schobers admitting positive arc system
kits. In each case, we can use Theorem 6.6 to describe the corresponding spaces of stability
conditions. A more elaborate class of examples, generalizing those of [BS15], is explored in
the paper [CHQ24]. We begin in Section 7.1 with perverse schobers arising from spherical
fibrations between tori, providing a simple generalization of the constructions of [Chr22b,
Chr21] to arbitrary weighted marked surfaces with weights ≥ 0. In Section 7.2, we describe
topological Fukaya categories as the global sections of perverse schobers parametrized by
S-graphs and show that these admit positive arc system kits.

7.1. Spherical fibrations between products of spheres. By a space, we mean a Kan
complex; these assemble into the ∞-category of spaces. A spherical fibration f : A → B is
a Kan fibration between Kan complexes, such that the fiber f−1(b) of any point b ∈ B is
homotopy equivalent to the singular simplicial set of the topological m-sphere with m ≥ 0,
denoted Sm. A simple class of examples of spherical fibrations arises as follows. We fix a
finite set Λ ⊂ N≥2 of integers greater or equal to two and denote by

ΠΛ
sph :=

∏
i∈Λ

Si−1

the product of spheres. We allow Λ = ∅, in which case we set ΠΛ
sph = ∗. For each j ∈ Λ, we

have the spherical fibration

fj = fΛj : ΠΛ
sph → Π

Λ∖{j}
sph , (7.1)

collapsing one (j − 1)-sphere to a point.

Given a space X, we denote Loc(X) := Fun(X,D(k)). The k-linear ∞-category Loc(X)
is called the ∞-category of D(k)-valued local systems on X. Given a morphism of spaces
f : X → Y , we have an associated pullback functor f∗ : Loc(Y ) → Loc(X), which admits
left and right adjoints f!, f∗ : Loc(X) → Loc(Y ), given by left and right Kan extension, see
[Lur09, 4.3.3.7]. If f is a spherical fibration, the corresponding adjunction f∗ ⊣ f∗ is spherical,
see [Chr22c, Prop. 3.14].

The simplest case of a spherical fibration as in (7.1) is the map Sn−1 → ∗. Perverse schobers
built from the corresponding spherical adjunction were considered in [Chr22b, Chr21]. Their
global sections were shown to describe the derived∞-categories of relative Ginzburg algebras
of n-angulated surfaces. In this section, we consider the more general class of perverse schobers
which are locally described by the spherical adjunctions arising from the spherical fibrations
from (7.1).

Recall that Spj denotes the j-spider (Definition 4.2).

Construction 7.1. Let j ∈ Λ. For all 1 ≤ k ≤ j, the following two types of data are
equivalent:

i) an identification of the halfedges of Spk with a subset of the halfedges of Spj , respect-
ing the cyclic order on halfedges.
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ii) integers d(a, b) ≥ 1 for all consecutive halfedges of Spk at v, such that the sum of all
these integers is equal to j.

One passes from the data as in i) to data as in ii) by setting d(a, b) = l for two consecutive
halfedges a, b of Spk if b follows in Spj after the halfedge a after l steps.

Consider the Spj-parametrized perverse schober Fj(f
∗
j ) arising via Proposition 4.7 from the

spherical adjunction

f∗j : Loc(Π
Λ∖{j}
sph )←→ Loc(ΠΛ

sph) : (fj)∗

induced by the spherical fibration fj from (7.1). Let 1 ≤ k < j and make a choice of data as
in i) above. We further choose a total order on the halfedges of Spk, compatible with their
cyclic order. By Proposition 4.6, we obtain from Fj(f

∗
j ) a Spk-parametrized perverse schober,

denoted Fk(f
∗
j ), by replacing Fj(f

∗
j )(v) with the iterated fibers of the functors Fj(f

∗
j )(v

c−→ ec),

with c ∈ ec a halfedge of Spj but not a halfedge of Spk. We remark that the notation Fk(f
∗
j )

leaves the choice of total order and data as in i) or ii) implicit.

Let Sw be a weighted marked surface, without singular points of weight −1. Let further S
be a choice of S-graph of Sw. Let Λ ⊂ N≥2 be a set of numbers containing the degrees (i.e.
weights +2) of the vertices of S. We choose for each internal vertex of the extended ribbon

graph Ŝ a total order of its incident halfedges. Given a vertex v of Ŝ of degree j < ∞ and
valency 1 ≤ k ≤ j, the S-graph data of S gives rise to data as in ii) in Construction 7.1.
We associate with v the Spk-parametrized perverse schober Fk(f

∗
j ) from Construction 7.1.

With v ∈ Ŝ0 of degree ∞ and valency k, we instead associate the Spk-parametrized perverse

schober Fk(0) of Proposition 4.7 associated with the spherical functor 0: 0→ Loc(ΠΛS
sph).

We define FS,Λ : Exit(Ŝ)→ LinCatk as the gluing of the Fk(f
∗
j )’s and Fm(0)’s, meaning that

FS,Λ is the unique diagram which restricts at the subcategories Exit(Ŝk) ⊂ Exit(Ŝ) arising
from any given vertex and its incident halfedges to the corresponding such diagram.

Proposition 7.2. The perverse schober FS,Λ admits an arc system kit with

• Le ∈ FS,Λ(e) = Loc(ΠΛS
sph) the constant local system with value k for all edges e of S,

• Lv,ai ∈ FS,Λ(v) given by the object (5.2), with Lv ∈ Loc(Π
ΛS∖{j}
sph ) the constant local

system with value k, for all vertices v of finite weight j of S and halfedges ai at v.

• Lv,ai ∈ FS,Λ(v) given by the object (5.3), with L = Le ∈ Loc(ΠΛS
sph) the constant local

system with value k, for all vertices v of infinite weight of S and non-virtual halfedges
ai at v.

Proof. This follows from the discussion in Construction 5.5, the observation that the pullback
functor f∗j maps constant local systems to constant local systems, and the fact that the twist

functor of f∗j ⊣ (fj)∗ acts on the constant local system with value k as the delooping [1− j],
see [Chr22c, Prop. 3.19]. □

Lemma 7.3. The arc system kit from Proposition 7.2 is positive.

Before we prove Lemma 7.3, we need to recall some aspects of the relation between singular
cohomology and derived endomorphism algebras of local systems. Given a space X, we
denote by C•(X) ∈ D(k) the singular cochain complex of X. It can be defined as the
limit of the constant local system kX : X → D(k) with value k. Let π : X → ∗. We have
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lim(kX) ≃ π∗(kX), with π∗ : Loc(X) → Loc(∗) the right adjoint of the pullback functor
π∗. The derived ∞-category D(k) of the field k is symmetric monoidal, and Loc(X) inherits
the pointwise symmetric monoidal structure, see for instance [Chr22c, Lem. 3.15]. We can
describe the functor π∗ in terms of these monoidal structures as the functor - ⊗k kX . Its
right adjoint π∗ is thus described by the functor RHomLoc(X)(kX , -). It follows that C

•(X) is
quasi-isomorphic to the derived endomorphism algebra EndLoc(X)(kX).

Given two spaces X,Y , we find that C•(X × Y ) ≃ C•(X) ⊗ C•(Y ) ∈ D(k). To see this, we
note that the limit over X × Y is obtained by first taking the right Kan extension along the
projection X × Y → Y , and then taking the right Kan extension along Y → ∗. The outcome
of the former is the constant local system on Y with value C•(X). This local system is
equivalent to C•(X)⊗kY . The outcome of the latter Kan extension is thus lim(C•(X)⊗kY ) ≃
C•(X)⊗ lim(kY ) ≃ C•(X)⊗ C•(Y ), as desired.

Proof of Lemma 7.3. By the above discussion, we have equivalences

EndL = End
Loc(Π

ΛS
sph)

(Le) ≃ C•(ΠΛS
sph) ≃

⊗
i∈Λ

C•(Si−1)

and
Endv = End

Loc(Π
ΛS∖{j}
sph )

(Le) ≃ C•(Π
ΛS∖{j}
sph ) ≃

⊗
i∈Λ,i ̸=j

C•(Si−1) ,

with v a vertex of degree j. Using that C•(Si−1) ≃ k ⊕ k[1 − i], see for instance [Chr22b,
Lem. 3.2], the positivity of the arc system kit follows. □

Remark 7.4. If Sw has no interior singular points and Λ = ∅, then FS,Λ has no singularities

and the generic stalk is Loc(∗) ≃ D(k). Hence Γ(Ŝ,FS,Λ) describes a topological Fukaya
category of S as defined in [DK15, HKK17].

Remark 7.5. Assume that Λ contains an odd integer j. The construction of the perverse
schober FS,Λ can be slightly modified as follows (without affecting the arc system kit), such
that the∞-category of global sections Γ(S,FS,Λ) admits a relative left Calabi–Yau structure of
dimension 1+

∏
i∈Λ(i−1). Let v be any vertex of degree j of S with incident edges e1, . . . , ek.

Combining [BD19, Thm. 5.7] and [Chr23, Prop. 5.2] yields a left Calabi–Yau structure on the
functor

Loc(ΠΛ
sph)

×k =
k∏

i=1

Fk(f
∗
j )(ei) −→ Fk(f

∗
j )(v)

obtained from Fk(f
∗
j ) by passing to left adjoints. This relative Calabi–Yau structure restricts

to an absolute left Calabi–Yau structure of dimension
∏

i∈Λ(i−1) on each copy of Fk(f
∗
j )(ei).

Since each edge is incident to two vertices, we obtain in this way for each edge e two left
Calabi–Yau structures on Fk(f

∗
j )(e), whose corresponding Hochschild homology classes are

by construction either identical or differ by sign. If the Hochschild homology classes differ
by a sign, the Calabi–Yau structures are said to be compatible. If the Calabi–Yau structures
are not compatible, we choose a halfedge of e lying at the vertex v and change F(v → e)
by composition with the autoequivalence of Loc(ΠΛ

sph) obtained from pulling back along the

homeomorphisms ΠΛ
sph → ΠΛ

sph given by the product of idSi , i ∈ Λ\{j}, and the orientation

reversing antipodal map Sj−1 → Sj−1 (where j ∈ Λ is the chosen odd integer). Note that this
autoequivalence acts as − id on the corresponding Hochschild homology class. After these
changes, all Calabi–Yau structures at the edges are thus compatible and we can apply [Chr23,
Thm. 5.7] to deduce the existence of a relative left Calabi–Yau structure on Γ(S,FS,Λ).
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If Λ contains no even integer, the ∞-category Γ(S,FS,Λ) admits a relative Calabi–Yau struc-
ture if the local choices of Calabi–Yau structures can be made compatible, and this amounts
to a condition on the S-graph. A more detailed discussion in the case of n-angulated surfaces
can be found in [Chr23, Def. 6.6].

7.2. Topological Fukaya categories of infinite area flat surfaces. Fix a weighted marked
surface Sw with a mixed-angulation and dual S-graph S. Consider the oriented real blow-up
Sblw of Sw at the set ∆ ∪ (M ∩ S◦

w) of singular points and interior marked points, meaning
that an open neighborhood of each interior such point is removed, yielding a new boundary
circle, and each boundary singular point is expanded to a closed interval. We refer to these
boundary intervals as the marked boundary.

We modify S to the graph denoted GS, which comes with an embedding into Sblw, by moving
each interior vertex (lying at a singular point) by a small amount in an arbitrary direction
and adding a loop at the vertex, wrapping around the boundary circle given by the oriented
blow-up of the singular point, see Figure 7.1.

•◦ ↭ •◦

Figure 7.1. The passage from S to GS near an interior singular point.

Recall that a graph G is called a spanning graph of the marked surface Sblw if there is an
embedding i : |G| ⊂ Sblw of its geometric realization, which is a homotopy equivalence such
that each marked boundary interval contains the image of a unique point in |G|.

Lemma 7.6. The graph GS is a spanning graph of Sblw.

Proof. The assertion follows from the fact that the canonical inclusion i : |S| ⊂ Sw\(M∩S◦
w) is

a homotopy equivalence, which restricts to a bijection between the boundary vertices of S and
the singular points on the boundary ∆∩ ∂Sw. This in turn follows from the observation that
the inclusion i restricts on each polygon of the mixed-angulation to a homotopy equivalence.

□

As shown in [DK15, HKK17], there is an associated Z-graded topological Fukaya category,
which we will denote by Fuk(Sblw), which arises as the global sections of a constructible

cosheaf of A∞-categories or dg-categories defined on the extended graph Ĝ of any choice of
spanning graph G of Sblw. We can choose a pointwise Morita-equivalent constructible cosheaf

on ĜS which is valued in dg-categories, and apply the functor D(-) : dgCat[W−1]→ LinCatk,
to obtain a cosheaf valued in LinCatk. Note that this process preserves global sections, i.e.
(homotopy) colimits. Passing to the right adjoint diagram, we obtain a constructible sheaf F
on ĜS, which is again valued in LinCatk, since if a k-linear functor preserves compact objects,

then its right adjoint is again k-linear. One can check that this defines a ĜS-parametrized
perverse schober with generic stalk D(k). This perverse schober assigns to each n-valent
vertex of G the Ind-complete topological Fukaya ∞-category of the n-gon (which carries an
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induced grading structure). The topological Fukaya category of any n-gon is equivalent to
the derived ∞-category of the An−1-quiver. It follows from the equivalence D(kAn−1) ≃ Vn0 ,
with 0: 0 → D(k) the zero functor, see also above Proposition 4.7 for the notation, that
the perverse schober has no singularities. In the following, we describe a way to obtain the

Ind-complete topological Fukaya ∞-category IndFuk(Sblw) := D(Fuk(Sblw)) ≃ Γ(ĜS,F) as

the global sections of a novel and related Ŝ-parametrized perverse schober G. In contrast to
F , the perverse schober G has singularities, one at each singular point of finite weight of Sw.
We then show that G admits a positive arc system kit, and use this to describe the space of
stability conditions of the topological Fukaya category.

Let Ĝtri be the ribbon graph equipped with a contraction c : Ĝtri → ĜS, satisfying that c is
the identity at the boundary vertices, and restricts at each internal vertex to the contraction
depicted in Figure 7.2, where the loop encloses an interior singular point in Sw. Thus, all

•◦•◦· · ·
· · · •◦ • •◦· · ·

· · · •◦ •

Figure 7.2. The contraction c : Ĝtri → ĜS near an internal vertex.

loops of Ĝtri enclosing interior singular points in Sw are incident to a trivalent vertex. We

obtain a Ĝtri-parametrized perverse schober c∗(F). Let w be a trivalent vertex of Ĝtri with
an incident loop. A choice of two generating Lagrangians in the topological Fukaya-category
of the 3-gon centered around the vertex w gives an equivalence F(w) ≃ Fun(∆1,D(k)). Using
this equivalence, we can find an explicit algebraic description of c∗(F) near the loop in terms
of the grading of the surface. The grading assigns the Maslov index m ≥ 1 to the closed curve
describing the loop. Recall also that the weight of the corresponding interior marked point of
Sw is m− 2. The perverse schober c∗(F) is locally equivalent to the following diagram:

D(k) Fun(∆1,D(k)) D(k)ev0

cof[m]

ev1

Note that the perverse schober F has clockwise monodromy [m] around this loop, in the sense
defined in [Chr23]. The limit of the above diagram (which describes the sections with support
in a neighborhood of the loop) is equivalent to the derived∞-category D(k[tm]) of the graded
polynomial algebra k[tm] with |tm| = m (using cohomological grading). Restriction defines
a spherical functor ξm! : D(k[tm]) → D(k), which can be described in terms of the morphism

of dg-algebras ξm : k[tm]
tm 7→0−−−−→ k. The trivial module k ∈ D(k[tm]) is the image of the right

adjoint (ξm)∗ of ξm! ; this is the (1−m)-spherical object giving rise to the spherical adjunction
ξm! ⊣ (ξm)∗, since (ξm)∗ ≃ -⊗k k. The cofiber sequence

k[tm][−m]
·tm−−→ k[tm] −→ k (7.2)



56 MERLIN CHRIST, FABIAN HAIDEN, AND YU QIU

shows that

Tm(k[tm]) ≃ k[tm][1−m] (7.3)

with Tm the twist functor of the adjunction ξm! ⊣ (ξm)∗.

We cut off the loops at the trivalent vertices incident to a loop enclosing a finite-angle conical
point as follows:

•◦ •◦

We denote the resulting ribbon graph by Ĝtri,cut. We let F ′
cut be the Ĝtri,cut-parametrized

perverse schober which is identical to c∗(F) away from the new 1-valent vertices and given by
the spherical functor ξm! at the new 1-valent vertices. The contraction c induces a contraction

ccut from Ĝtri,cut to the ribbon graph ĜS,cut, obtained by removing all the loops from ĜŜ.

Note that ĜS,cut = Ŝ, i.e. we recover the extended graph of the chosen S-graph Ŝ. We obtain

the Ŝ-parametrized perverse schober Fcut = (ccut)∗(F ′
cut).

Proposition 7.7. There exists an equivalence of stable ∞-categories

IndFuk(Sblw) ≃ Γ(Ŝ,Fcut) .

Proof. We have IndFuk(Sblw) ≃ Γ(ĜS,F) and Lemma 4.16 implies that

Γ(ĜS,F) ≃ Γ(Ĝtri, c
∗(F)) and Γ(Ŝ,Fcut) ≃ Γ(Ĝtri,cut,F ′

cut).

The limit Γ(Ĝtri, c
∗(F)) of c∗(F) can be computed in two steps, by first computing the local

limits at the loops enclosing finite-angle conical points and then computing the remaining
global limit. This is a general phenomenon and follows for instance from [Lur09, 4.2.3.10].
The outcome of the first step yields up to equivalence the diagram F ′

cut, showing that their
limits agree. □

The edges of the S-graph S define a set of objects ΓS = {Γe}e∈S1 in the topological Fukaya
category. These can be seen as graded Lagrangians (graded arcs) in Sblw, whose ends either
lie on a marked boundary point or which wrap infinitely many times around a boundary
component containing no marked points.

Proposition 7.8. There is a positive arc system kit for Fcut giving rise to the objects ΓS.

Proof. We consider the objects {Γe}e∈S1 as coCartesian sections of the Grothendieck con-
struction of Fcut. It is straightforward to see that evaluating these coCartesian sections yields

an arc system kit with Le = Γe(e) and Lv,a = Γe(v) for each edge e of Ĝ and halfedge a of e

lying at the vertex v. Note for this that at each 1-valent vertex v with halfedge a of Ĝtri,cut

arising from a cut-off loop, the datum Lv,a is given by a shift of k[tm] ∈ D(k[tm]) ≃ F ′
cut(v).

The positivity of this arc system kit is also clear, where in the case m = 1 we use that the
equivalence (7.3) arises from the cofiber sequence (7.2). □

Remark 7.9. The stable ∞-category CŜ generated by ΓS is the ∞-categorical version of the

topological Fukaya category of the marked surface Sblw (without Ind-completing).
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